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Abstract

The concept of grading the thermo-mechanical properties of materials provides an
important tool to design new materials for certain specific functions. To take full
advantage of this new tool research is needed not only for developing efficient pro-
cessing methods and material characterization techniques but also for carrying out
basic mechanics studies relating to the safety and durability of the FGM components.
These studies may help to protect certain components against abrasion and wear at
the surface where the maximum stress often occurs.

Graded materials, also known as functionally graded materials (FGMs), are gen-
erally two-phase composites with continuously varying volume fractions. Used as
coatings and interfacial zones they can reduce thermally and mechanically induced
stresses resulting from material property mismatch, increase the bonding strength
and provide protection against adverse environments.

In this study the contact problem for the FGM coatings is considered. The objec-
tive of the study is to obtain a series of analytical benchmark solutions for examining
the influence of such factors as material inhomogeneity constants, the coefficient of
friction, curvatures and various length parameters on the critical stresses that may
have a bearing on the fatigue and fracture of the components with FGM coatings.

In the first part of this study an FGM layer bonded to a homogeneous substrate
loaded by a rigid stamp is considered. It is assumed that the coating is inhomoge-

neous, isotropic and linearly elastic, and the problem is one of plane strain. The shear




modulus of the FGM coating is represented by an exponential function. The Poisson’s
ratio is assumed to be constant. With the applications to load transfer components
and abradable seals in mind, it is also assumed that the contacting surfaces are in
relative motion with constant coefficient of friction. The related contact problem is
solved for various different stamp profiles including flat, triangular, semicircular and
cylindrical.

In the second part of this study the contact problem for two elastic load transfer
components with FGM coating have been solved. The load transfer components are
typically gears, cams, bearings and machine tools, where two elastic solids of given
curvatures move relative to each other. The curvatures may be positive or negative.
In these components ceramic coatings may be used to increase the wear resistance,
whereas the material property grading would improve the toughness, reduce the stress
levels and again increase the bonding strength

After solving the half space problem the Green’s functions necessary for the so-
lution of the problem in load transfer components are obtained. A parametric study
has been done to find the effects of the parameters such as coeflicient of friction,
material property grading and surface shear modulus of elasticity of upper/lower or

inner/outer cylinders. The contact stresses at the surface of the FGM coating are

given and discussed.




Chapter 1

Introduction

Many of the present and potential applications of functionally graded materials (FGMs)
involve contact problems. These are the basic load transfer problems between two
solids, generally in the presence of friction. In the near future FGMs are expected
to be used in three groups of practical applications that will require studying the
problem from a view point of contact mechanics. The first is tribological appiications
of FGM coatings in such load transfer components as bearings, gears and cams. In
this case the contacting solids are both elastic and one or both may have an FGM
coating. The second application of the concept would be in cylinder linings, brake
discs and other automotive components for the purpose of improving the wear resis-
tance. In the related contact problem one of the opposing components (e.g., piston
rings and brake pads) may have sharp corners. The third area of potential application
of FGM coatings involving contact mechanics is in the field of abradable seal design
in stationary gas turbines. The concept of abradable seals was developed some years
ago to reduce or to eliminate the gas leakage between the tips of the blades and the
shroud. With such a design the gain due to increased efficiency seems to outweigh the
power loss due to friction. In this case the layered medium consists of the substrate(a

superalloy) the FGM(substrate/dense YSZ), and porous ceramic(porous YSZ). The




contact is between porous ceramic and the blade. In these applications, the corre-
sponding mechanics problem may be approximated by a quasi-static contact problem
for a rigid punch of given profile moving over a graded medium in the presence of

friction.

1.1 Functionally Graded Materials(FGMs)

In recent years the requirements of materials in severe environments have become
more demanding. Ultimate purpose of the materials research in advancing technolo-
gies such as power generation, transportation, aerospace and micro-electronics is the
development of new materials that can withstand these environments. Material scien-
tists considered two ways to overcome the shortcomings of the conventional materials.
One is to develop a completely different homogeneous material and the other is to
develop new compositions by using the existing materials. The second approach leads
to the design of composites and intermetallics having homogeneous bulk properties.

In recent past a wide variety of composites have been developed with fiber or
filament reinforced, particulate or layered structure. A common feature of these com-
posites is having different material characteristics on separate surfaces or in separate
parts. An example of such a composite is a coated or joined material designed to
improve material’s surface characteristics to prevent failure caused by corrosion, wear
and fatigue. Coated materials have a wide range of applications such as the blades
in gas turbine engines which are subjected to high stresses and highly corrosive at-
mosphere, combustion chambers, machine tools, gears, bearings, cams and abradable
seals.

The disadvantage of these piecewise homogeneous materials is that they consist

of bonded dissimilar components which lead to discontinuities in the material’s me-

chanical, physical, and chemical properties along the interfaces. The consequences of




this are higher residual, thermal and mechanical stresses, weaker bonding strength,

low toughness and tendency toward cracking and spallation.

An alternative concept which may also be used to overcome some of the shortcom-
ings of layered dissimilar materials would be the introduction of interfacial regions
or coatings with graded thermomechanical properties.[1]-[6]. The approach is to syn-
thesize inhomogeneous composites, in which the material’s mechanical, physical, and
chemical properties change continuously by varying the volume fractions of the con-
stituents between zero to hundred percent. These materials are called Functionally
Graded Materials (FGM). Apart from increasing the bond strength[7] and reduc-
ing the thermal stresses, grading also seems to improve the fracture toughness and
fatigue and corrosion crack growth resistance parameters of thermal barrier coat-
ings. For example, in joining tungsten to zirconia by introducing layers that contain
80/20,60/40,40/60 and 20/80 percent W/ZrOs, it was shown that the peak value
of the residual stress becomes approximately one-sixth of that obtained from direct
W-ZrO, bonding]1].

The objective of the early research on the FGMs was to develop a new class of
metal /ceramic composites with graded volume fractions to achieve the required high
temperature resistance, toughness, strength and heat conductivity. An up to date
summary and description of the recent research on the subject may be found in the
proceedings of the international symposia on FGMs [4],[8],[9], [5]-

Even though initially the FGM research was largely motivated by the practical
application of the concept in thermal shielding problems in gas turbine and engine
components, combustion chambers and high speed air and space transport, materials
with graded physical properties have almost unlimited potential in many technological
applications. However, in the near future the applications of FGMs will most likely be

limited to thermal barrier coatings, corrosion-resistant coatings and wear-resistance




coatings.

1.2 Wear-Resistant Coatings/Abradable Seals

Surface treatments and coatings are being used more and more frequently to solve
various critical tribological problems. They offer several significant benefits when ap-
plied to metals. Increased corrosion resistance, reduced sliding wear, and increased
rolling contact fatigue life are some of the major benefits. Examples of the above in-
clude electrodeposited thin steel films(such as 52100, M50 and M50 NiL) for increased
corrosion resistance [10], and hard ceramic coatings( such as TiN and TiC [11]), solid
lubricant coatings( such as Cu[12]) and diamond-like carbon(DLC) [13] for increased
wear and fatigue [14] resistance.

In most homogeneous coatings, the main failure mechanism is the delamination
and subsequent spallation at the coating-substrate interface. The spallation would
expose the bare metal surfaces to adverse environment and mechanical contact and
would accelerate the corrosion and wear process. These failures can be controlled by
controlling the material properties near and at the surface. In such applications it is
necessary to provide the bulk material with a protective coating of a more resistant
material such as monolithic structural ceramics and fiber reinforced ceramics including
carbon-carbon composites.

Ceramic materials are used in many industrial applications. Cutting tools,for ex-
ample, are a common application where the material is subjected to high thermal
and abrasive environment and high stresses. Ceramics are also being used to pro-
vide the necessary hardness or wear resistance to surfaces of structural components
transmitting forces through contact, such as gears, bearings and cams.

Ceramics based on oxides such as Aly,O3 are well known and used in continuous

turning of cast iron and steel. By adding TiC, it is possible to improve thermal




stability. Ceramics based on silicon nitride(SizN4) are used for milling and cutting
operations of cast iron with higher rate of cut. Problems can occur because of the
diffusion of silicon into iron at high temperatures. This effect can be reduced by a
coating of the SigNy- ceramics with Al,Os.

Generally, ceramic materials have high hardness, relatively low density and de-
pending on the kind of ceramic, low thermal conductivity. The thermal expansion in
the case of SizNy4 and Al,O3 is very low and cause the development of thermal stresses
in films obtained by physical vapor deposition(PVD).

One of the main disadvantages of these ceramics is their brittle nature. Intuitively
it is clear that the fatigue life of these components may be improved quite considerably
if one uses a graded rather than a homogeneous ceramic coating on the metallic
substrate. In load transfer components FGM coatings would provide the necessary
surface hardness without sacrificing the overall toughness.

In the past wear and corrosion-resistant coatings have been used quite extensively
in industrial machinery. The coating material has been metals such as stainless steels,
Mo-based alloys and WC-Co as well as ceramics such as Al,O3, TiO; and Cr,O3. For
example, WC-Co and CrsC,/NiCr have been extensively used in aircraft industry
to coat various turbine/compressor components and mid-span stiffeners for improved
wear resistance. Other applications of wear-resistant coatings have been in printing
rolls, steel mills, petrochemical industry, and automobile industry. Most of these
coatings have been deposited by using a thermal spray process. Since thermal spray
technique is readily suitable for grading the composition of the coating, service life
improvements can be obtained in all applications of wear resistant coatings by using

the FGM concept.




1.3 Contact problems in Graded Materials

The contact problems involving graded materials may be considered in two major
categories, namely the abradable seals and load transfer components. Abradable seals
are used in some stationary gas turbines to reduce or eliminate the leakage between
turbine blades and the shroud. The seal is a very low density ceramic deposited
over the shroud metal structure through a graded interfacial region[15]. Because of
the large difference between the stiffness of the blade and low density ceramic, the
blade may be modelled as a rigid stamp pressed against and moving relative to an
elastic medium. In this particular application the reason for grading the medium
is to reduce the magnitude of the stresses and to improve the bonding strength. A
related potential application of this particular concept is the wear control in aluminum
alloy cylinders used in internal combustion engines. Here the piston rings are pressed
against the cylinder and wear control is accomplished by coating the cylinder.

Load transfer components are typically gears, cams, bearings and machine tools,
where two elastic solids of given curvatures move relative to each other. The curva-
tures may be positive or negative. In these components ceramic coatings may be used
to increase the wear resistance, whereas the material property grading would improve

the toughness, reduce the stress levels and again increase the bonding strength.

1.4 Literature review on Contact Mechanics

Contact problems have been a topic of interest within the theory of elasticity for over
100 years. The problem of determining the stress distribution in a semi infinite elastic
solid under the compressive action of a rigid body was first considered by Boussinesq.
Hence problems of this kind are referred to as Boussinesq problems. The general

description of the problem may be found in the classical paper by Hertz [16] who




gave birth to an area of research which has grown into the present day field of contact
mechanics.

The foundation of contact mechanics analysis rests on the Hertz assumption. If
the contact area is small compared to the geometry of the contacting bodies and if it
is far removed from other surfaces, then the contacting bodies can be approximated
as semi-infinite planes or spaces. This generally reduces the complexity of the original
problem and simplifies the solution process, allowing closed form solutions in many
cases. This Hertz assumption has provided a great stimulus for analyzing contact
problems for half planes and half spaces.

Harding and Sneddon [17] obtained the general solution of the Boussinesq problem
for an axisymmetric punch. Using the Boussinesq solution for point loading on half
space, the contact problem may be formulated as a Fredholm integral equation of
the first kind. Remarkable progress was made by Shtaerman(see book by Galin[18]),
who showed that polynomial solutions multiplied by a square root term could be
achieved for the related integral equation if the contact region on a half space is
elliptic. Later, Shtaerman’s result was developed to handle the contact problem
for an inhomogeneous isotropic medium by Rostovtsev[19] ,[20] and a homogeneous
anisotropic medium by Willis[21], [22].

Either the Integral transformation approach or the finite element method can be
used for computing stresses. In terms of actual implementation for practical design
the finite element model can be effectively used for arbitrary complex geometry, but
the integral formulation is limited to simplified contact configurations. On the other
hand the finite element models require some effort in the pre and post processing of
the data and overall setup of the problem, while the use of the numerical integral

model is very straightforward. Depending on the complexity of the application both




models may have a notable practical significance. For material selection and prelim-
inary design the Integral transform approach may be very efficient. For final design
development in critical and complex applications the finite element approach may
provide acceptable design solutions with a minimum number of model assumptions
and limitations. Analytical solutions to contact problems have technologically signifi-
cant applications in the aircraft, automotive and marine industries. For instance, the
knowledge of contact pressure distribution allows the calculation of internal stresses in
order to determine those regions where potential damage may occur as a consequence
of the application of concentrated loads.

Even though such solutions can be obtained numerically by using finite-difference
or finite element approaches, the analytical approach presented here allows one to
generate these solutions efficiently thereby facilitating parametric studies wherein the
geometric parameters are varied to ascertain their effect on the resulting contact
pressure. The present solution when employed in conjunction with the current punch
testing methods for the determination of the in situ elastic moduli of constituent
materials in a layered composite.

Solutions to many plane as well as axisymmetric problems can be found in the
work of Galin. A general solution of such problems using integral transforms was
given by Sneddon [23].

The general method of solving frictionless plane contact problems was given by
Muskhelishvili[24]. Much of the literature in this area deals with an elastic slab, either
loaded symmetrically from both surfaces or loaded from one surface and rigidly fixed
on the other surface. A survey of these two types of elasticity problems, tackled by
the method of integral transforms, may be found in the book by Uflyand [25].

In subsequent studies a layer between the punch and the subspace was introduced.

A systematic treatment of this kind of problems can be found in [27]-[29]. Recently,

10




Kasmalkar solved the axisymmetric contact problem for a layer bonded to substrate

for different indenter geometries [30].

Ratwani and Erdogan [31] have considered the plane contact problem for an elastic
layer lying frictionlessly on an elastic half space. Civelek and Erdogan[32] have solved
the problem in axisymmetric case.

Frictional phenomena have to be considered when the tangential part of the mo-
tion is important in the response of two or more bodies coming into contact during
static or dynamic load transfer. Most of the formulation relies on the law of Coulomb.
However, in some cases local micro-mechanical phenomena within the contact inter-
face has to be taken into account. An extensive overview may be found in [33]. For
the physical background of the frictional phenomena reader is referred to [34].

For frictional contact problems of linear elasticity, most of the solutions given are
approximate solutions , obtained by using either finite element method or a more
specific variational formulation. The finite element method has been used by many
investigafors to study contact problems. Chan and Tuba [35], Tsuta and Yamaji [36]
and Ohte [37] studied contact problems for plane and axisymmetric problems. In
these studies, an ideal type of Coulomb friction has been included. Lindeman [38]
has used the finite element method to study shrink fit problems.

Although considerable research is being carried out in components involving FGMs,
there is not much work done in the area of contact mechanics. However, in recent
years fracture mechanics of FGMs have been extensively studied by Erdogan and
coworkers.

Contact problems of a rigid punch on a non-homogeneous medium were solved
approximately for small values of the non-homogeneity parameter, by Bakirtas [39].
Bakirtag considered the frictionless elastostatic problem of a rigid punch on an elastic

half place [40]. Guler[41] solved the same problem for the stiffening medium including
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friction.

1.5 Statement of the Problem

1.5.1 Introduction

The main cause of failure in mechanical structures is fracture and fatigue. Crack
initiation and propagation take place essentially in areas of high stresses or in areas
where friction and wear are present. In contact zones in a variety of load transmission
components quasi-static loads can lead to friction and to high stresses which results in
erosion and fatigue. It is thus necessary to predict the magnitude of contact stresses,
in order to design these elements

The contact problems can be categorized into two broad sections,namely fric-
tionless and with friction.In the first, the friction between the contacting solids are
neglected which simplifies the problem significantly. For contact problems that arise
in well-lubricated components, this assumption is well justified. In the second group,
forces of friction are not small. Therefore, the effect of friction can not be neglected.
Here two cases can arise. In the fist case, one elastic solid moves relative to the other
and the movement is so slow that the dynamic effect can be neglected. This is the
case in the proposed study. In the second case no displacement of the punch as a
whole with respect to the elastic body takes place. However, when o, < 1oy, a rigid
linkage (stick), and when o, > noy, a relative displacement (slip) would take place
between the contacting solids.

In this study, dynamic effects are neglected and it is assumed that forces of friction

obey Coulomb’s law which states that

Ozy = N0yy
where 7 is the coefficient of friction.

12




1.5.2 Description of the problem

In this study two classes of problems will be considered namely; contact problems for
rigid stamps (e.g. abradable seals) and contact problems in load transfer components.

The contact problems to be studied for abradable seals are described in Fig.1.1.
Here the blade will be represented by a rigid stamp and the abradable seal by a
(ceramic-rich) graded metal/low density ceramic layer. In the analytical solution to
be carried out the metal substrate will be modeled as an elastic half plane. It will
be assumed that the stamp and the coated medium are in relative motion and the
coefficient of friction 7 along the contact region is constant (i.e., @ = nP). Four basic
stamp geometries shown in Fig.1.1 will be considered. Also the stamp problems shown
in Fig.1.1c and Fig.1.1d will be studied separately for both positive and negative
directions of the tangential force Q. The main calculated results in these problems
are the contact stresses which may then be used with appropriate kernels to evaluate
the desired stresses and displacements.

In the load-transfer components shown in Fig.1.2, it will be assumed that the
contacting solids locally have shallow curvatures(that is, the contact zone size (b+ a)
is "small” compared to R; and R,. Thus, in formulating the problem one may
make the standard Hertzian assumption to the effect that the Green’s functions for
the concentrated surface tractions in a cylindrical medium may be approximated
by that of a half plane. The contacting solids consist of dissimilar homogeneous
materials coated by graded elastic layers of known thickness.. Locally the solids will be
represented by circular cylinders with positive/negative (Fig.1.2a) or positive/positive
(Fig.1.2b) curvatures. The problem will be considered with or without friction. The
main calculated quantities will again be the contact stresses and the load versus the
contact zone size curves.

In these problems it will be assumed that a coating layer of thickness hy or hs

13




is perfectly bonded to the homogeneous substrate. The coating is nonhomogeneous
where the nonhomogeneity is assumed to be in the thickness direction only and may be
approximated by us(y) = ps0€”Y, use being the shear modulus of the FGM coating
on the surface at y = 0. The Poisson’s ratio is assumed to be constant for both
materials.

The result of this study may be applicable to a great variety of structural compo-
nents such as connecting-rods, bolted connections, shrink fits, rolling mills, turbine
blade roots, ball and roller bearings, foundations, pavements in roads and runways,

and other structures consisting of layered media.
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Figure 1.1: Contact problems for abradable seals
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Figure 1.2: Contact problems for load transfer components




Chapter 2

Formulation of the Upper Half

Plane

2.1 Solution of Differential Equations

In this chapter the Greens functions for the upper half plane will be developed. The
standard elasticity analysis of the upper half plane composed of a homogeneous sub-
strate and an FGM coating will be carried out under the mixed boundary conditions
along the surface. By using an exponential variation for the shear modulus of the
FGM coating and applying Fourier transforms, the Navier’s equations will be re-
duced to a sistem of ordinary differential equations. These differential equations will
be solved by applying continuity of the stress and displacement conditions along the
interface and the mixed boundary conditions along the surface. Finally the Greens
functions for the displacement gradients in z directions will be found by taking the
inverse transforms.

Consider the plane elasticity punch problem shown in Figure 2.1. The medium(1)

is a homogeneous substrate and medium (2) is the FGM coating with a thickness
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Figure 2.1: Geometry of the problem for the upper half plane

of hy. The elastic constants of the homogeneous substrate is represented by p; and
k1. The non-homogeneity of the FGM coating is assumed to be such that its shear

modulus, ps is approximated by
p2(y) = pooe™, 0<y< hy. (2.1)
Thus
H1io = .U20€72h27 (2.2)

where the non-homogeneity parameter is

Y2he = Inl, (2-3)
r, = Hio (2.4)
K20
We define another parameter, x-
Hio
X2 = —
1551

For the plane contact problem under consideration, we start by writing the equations

of elastisity

oijj = 0, (2.5)
1

€ij = §(ui,j+uj,i)a (2.6)

gij = 2,ugij+)\5kk5ij- (27)

18



Hooke’s law for the medium (1) and (2) can be written as

O1z2(2,y) = Klui 1 {(Iﬁl + 1)% + (3 — /ﬁ)%—iﬂ , (2.8)
Oy (T,y) = /ﬁﬂi - [(3 - &1)%%1- + (k1 + 1}%] ,  ha<y<oo (2.9
O1zy(2,Y) = [%—l;l + %} , (2.10)
Oone(2,7) = ’Z"e_vf [(@ TRLCNICE @)%”—;] , (2.11)
02y (2,9) = ‘;Zo‘fly [(3 - @)%l‘f + (o + 1)%—1;]  0<y<h (212)
02y (T, y) = pooe™ [6(99_1;2 + %%} , (2.13)

where k, = 3 — 41, for plane strain and k, = (3 — v»)/(1 + v,) for the generalized

plane stress conditions. In the absence of body forces, the equations of equilibrium

can be written as

0012z aOplzy

oz oy 0
0012y 001y

o Ty
009¢¢ aa?zy -
oz Ay ’
0wy | Oomy _
Or Oy '

(2.14)
(2.15)
(2.16)

(2.17)

Substituting stresses found from equations (2.8)-(2.13) into the equations of equilib-

rium (2.14)-(2.17), we obtain the Navier’s equations as follows

azul 62U1 32’01

(K,l + 1)"51;—2 —+ (/€1 — 1)%‘5— +28.’1}8y =
&%, 0, 0uy

(k1 + 1)—-——6y2 + (k1 — 1)_6x2 +28x6y =

19

(2.18)

(2.19)




82 62’02 (92 U9

(l€2+1)82+(:‘€2 )82+26x8y
Oug 0
+72(3 = '92)8— + 72(k2 + 1) 31; = 0, (2:20)
0?us u2 0%v,
(fﬁg—i—l)a 5 +(/£2——1) Bxay
+y2(k —1)?——+ (n --1)‘%2 = 0 (2.21)
Y2\K2 By Yelk2 5 .

To solve the Navier’s equations we define the Fourier transforms of the four displace-

ment components, u;(z,y), v2(z,¥), v1(z,y) and va(z,y), as

Fila,y) = /00 uy (z,y)e " *%dz, (2.22)
~00

Fya,y) = /oo uy(z,y)e **dz, (2.23)

Gi(a,y) = /00 vi(z, y)e " *%dz, (2.24)

Gola,y) = /00 vo(z, y)e **dz. (2.25)

The functions uy(z,y), uz(z,y) and vi(z,y), va(z,y) are given by the following

inverse transforms;

u(z,y) = -él; /_: Fi(o, y)e*da, (2.26)
ws(z,y) = -217; /_ Z Fy(a, 1) da, (2.27)
vi(z,y) = %/_: G1(a, y)e"*%da, (2.28)
vo(z,y) = % /_: Gala, y)e* da. (2.29)

Substituting (2.26)-(2.29) into (2.18)-(2.21) yields the following system of differential

equations with constant coefficients.

d2F1 dGl

(ffl - ].) dy2 (Kll + 1)0( F1 + 220[@ = O, (230)
d>G d
(1 + D)3 = (1 = 1Do’Gs + 2ia dZ L _ (2.31)
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dF:
(k2 = 1) a0 + Yo (2 — 1)_d§;_ — (kg + 1)’ F
+22’a%% +iay,(ke —1)G2 = 0,
d*G dG
(K2 + 1)‘@;22 + Yo (k2 + 1)@2 — (ko — 1)a?Gy

+2ia2—? +iay,(3 — ko) Fy = 0.

The solution of equations (2.30) and (2.31) can be expressed as

Fi(a,y) = [An(a)+ Ap(a)y) elelv o [A13(a) + As(a)y] e loly

Gi(o,y) = [An(a)+ Axn(a)y]e®l + [Ay(a) + Az(a)y] e-loly.

- For (2.32) and (2.33), if we assume a solution of the form

we obtain

where n;,

with

FQ(CY’y) = A3(a)€ny7

Ga(oy) = As)e™,

, 4
FZ(aa y) = Z A3j(a)enjya
=1
4
Gao(a,y) = ZA4j(Ol)€njy7
=1
(j =1,...,4) satisfies the following characteristic equation
(n} — &® +7ny)” + 83lal*|nf* =0,

n§+72nj = Ia|2+i|a|62|72], j=1,2
nf—yen; = laf—ile|dlwl, =34
3—’/{,2
52 = .
2 Ko+ 1

21

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)
(2.42)

(2.43)




The roots of the characteristic equation are given by

1
m o= 3 ( Y2 + \/*)'2 + 4(a? + i al|v,|d, ) ) (2.44)
1
ne = 5 (- PR+ A el (2.49)
1
m = ( 72+ /74 + 4(0? — ol |/6) ) (2.46)
1
g = 2 < —Y2 — \/"}’2 +4 —ZIOZ”’}/2|52 ) (247)
The functions A;(a), A2j(c), Asj(e) and Agj(e), (j =1...4) are unknown functions

and are not independent. The relationship between them can be found by substituting

(2.34), (2.35) into (2.30), (2.31) and (2.38), (2.39) into (2.32), (2.33)

An(e) = i {%Am(a) + %Agg(a)} , (2.48)
_ ol
Ap(a) = 4 5 Az (), (2.49)
Ai(a) = 1 [—{—Z—lA%(a) + %Au(a)] ; (2.50)
_
Au(e) = —i p Az(a), (2.51)
A3]‘(C¥) = aj(a)A4j(a), ] = ].,2 (252)
A3j(a) = —aj—z(a)AM(a)v J= 3,4 (253)
where
(KJQ + 1) [TL? -+ ’}’gnj] — (lig — 1) 052
; =— .04
a;(e) 10 [2n; + 72 (3 — k)] (2:54)
Using equations (2.41) and (2.42), (2.54) it may be seen that

1 2ia? ~ |af(kg + 1)69y2 .
. = = =1,2 2.55
a’](a) o 271] 4 72(3 _ 52) J 3 ( )

1 2ia? + |af(kg + 1)d272 .
' — = 3,4 2.56
aj(a) o 2+ B —r) J =3, (2.56)
aj(e) = =G2(e), =34 (2.57)
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2.2 Boundary and Continuity Conditions

2.2.1 Continuity conditions along the interface

The first four conditions are the displacement and stress continuity conditions along

the interface at y = hy which can be written as,

Ul(.’E, hg) = Ug(.’E, hg), (258)
Ul(fli, hg) = ’Ug(.’L’, hg), (259)
O1yy (T, ha) = oayy(x, h2), (2.60)
Ulmy(l‘, hg) = O'gzy(ill, hg) (261)

Since both 01,, and 014, vanish as |z% +y?| — oo, in the solution given by (2.34) and

(2.35), A1; and A, must be set to zero. Thus (2.34) and (2.35) reduce to

F1 (O!, y) = [A13(CY) + A14(a)y] e—]a|y, (262)

Gi(a,y) = [Ass(a)+ Ass(a)yle™W. (2.63)

Using (2.58) and (2.59) we obtain

4 3\
ol An
< A
—i— —(k1 — |lalh A a; Qs —Q1 —0s .
> a( 1 — |alhy) Bl _|w @ 1 2| ) A L ey
1 ha A3, 1111 A%
=y
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where

Ay, = Aggeld, (2.65)
Az = Ayl (2.66)
Ay = Ape™™, (2.67)
A = Age™™, (2.68)
= Ape, (2.69)
A = Aye™™ (2.70)

Solving for A3, and A3, from (2.64), we have

{ N
An
A 1—hoby 1—hoby 1—hob, 1— hobs A*
23 — 2V1 2V2 _2 1 ——2 2 J 42 >’ (2.71)
\ AZ4 /
where
o= 2 (2.72)
K2 )
b = A2, (2.73)
Ko Ko

By using the third and fourth boundary conditions (i.e. (2.60) and (2.61)) we obtain

51 81 Al | %2 =82 Al (2.74)
5] —E AZg ) E AZA

24




where

5 = i/\zaal -+ AQ (fﬁg -+ 1) n1K; -+ (K% - 1) [al (275)
Sy = ihaay + Ao (ko + 1) ngky + (mf - 1) lo| (2.76)
t1 = ai[xerima + |a|(k1 +1)] + e [kixe — (k1 — 1)], (2.77)
to = az[xering + |a|(k1 + 1)] +ia [kixe — (k1 — 1)], (2.78)
/\2 = li% + K1 (AQ (3 - Iiz) — 2) +1 (279)
K1 — 1

_ 2.80
Ag X2 ey — 1 (2.80)
Yo = B (2.81)

H1

Solving for A}, and Aj}; , we obtain

An _ TL T3 Al (2.82)
Aps T3 T1 a4

where
1 —
o= 2, (32t1 + gﬁz) ) (2.83)
1
r3 = A_ (Sgtl - Sltg) y (284)
2
S N _
AQ - ' : e —(Sltl + S—I-tl) (285)
t1 -1

2.2.2 Boundary conditions

The other two boundary conditions come from the tractions along the surface. Sub-

stituting up and v, into (2.12), we have

Ko — 1 N 1 * . aGQ iazx
Magyy(.’lf, y) = “—[ [(3 - KZQ)(ZCY)FQ + (Kig =+ 1)—5; e da. (286)

21 J_o
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Taking the inverse transform of (2.86), we obtain

. 8G Ko — 1 b —ia
(3 — ko) (i) Fy + (ko + 1) 8y2 = u;em /_oo Ooyy (B, y)e " dt (2.87)

Defining the contact stresses on the surface as

Oayy(2,0) = o(z), (2.88)

02xy(x70) =7 (I) ’ (289)
Fourier transforms of the tractions on the surface becomes

P(a) = /_00 o(t)e " dt, (2.90)

oo

o0
Qo) = / r(t)e-iotdt. (2.91)
Therefore taking the limit of equation (2.87) as y — 0 we have
. 8G2 _ Ko — 1
(8 — ko) (i) Fa(av, y) + (k2 + 1)—5y—(a, y) = Mzoe"”yp(a)' (2.92)
Substituting u, and v, into (2.13) we find
1 [ |OF .
O2zy (II?, y) = .u206’72y_ / _2(a7 y) + (ia)GZ (a’ y) e **da. (293)
21 J_oo | Oy
Taking the inverse transform of (2.93) we have
OF: . 1
5y (@ ¥) + (1@)Ga(ay) = —20(e). (2.94)

By substituting F5(c,y) and Ga(a, y) into equations (2.92) and (2.94) we obtain

( 3

Ay
I:Zu Z12 211 212 i|< Ag > 1 {(ﬂz—l)P(a) } (2.95)

291 222 —2Z91 —Z22 Ags H20 Q(a)

A44




Also, substituting As;and Ayz into (2.95) we have

Ty T2 Ag 1 | (ke=1)P(a)
Ty —Tq Ay H20 Q(a)
where
- - —  —ho(FT—
ry = zig+ znrie M) 4 g TR,
re = zg+ zgrie M) gprpgemhe (i)

zin = (83— ky)(ta)ay + (k2 + 1)y,

Z1p = (3 - KQ)(iOé)CLQ + (/ig + 1)7’Lg,
Zo1 = Q1M =+ ia,
299 = QoMo + 1.

Therefore, solving for Ay and A4y we have

1
A42 = - [(K)Q—].)P(a)ﬁ‘*'EQ(a)]a
H20l3
1
A = roQ{a) — (ko — 1) P(a)r4],
a4 u20A3[2Q() (ko = 1)P(a)r4]
where
T To
Az = 2 2 = —(7‘27'2‘*‘@""4)-
T4 —Tg

2.3 The surface displacement gradients

(2.96)

(2.105)

So far, we have found all the constants A;;, (1 =1,...,4, j=1,...,4) to determine

uy(z,y) and vy(z,y) in the Fourier domain in (2.34),(2.35), (2.38) and (2.39). Since

displacement vector is specified on the part of the boundary y = 0 and the traction

vector is specified on the remainder, our problem is a mixed boundary value problem.
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Input to the problem is the y component of the displacement gradient at the surface,

oz

o]
——uy(z,0) and the unknowns are the contact stresses o2,y(z,0) and gy (z,0).

Thus the displacement gradients can be found by writing the derivatives of (2.29)

and (2.27) with respect to z giving

: R T A iaz

lim Fpu(ny) = lmo- » iaGy(a,y)e* da,
lim —us(z,y) = lim L ioFy(a, y)e**da
yv=090z y=0 27 J_ o ’ '

Substituting (2.36) and (2.37) into (2.106)and (2.107) we obtain

: 0 °°
?1/1_{)% 27(—/'(’20'552)2(1‘72/) = /_oo K11<$)y7t)02yy(t7 O)dt

+ / KL‘Z(Z:yat)O'Zzy(ta O)dty

: 0 o
11/1_1;% 2ﬂ-/*l’20 %U’Q ("1:7 y) = /_oo K21 (.’E, Y, t)g2zy (t) O)dt

+ / KQQ(.’L‘,y,t)O'ny(t, O)dﬁ,

where
m .
Kll(xay;t) = lim h’ll(a, y)6~za(t—z)da7
y—0 —oo
w -
Kn(z,y,t) = lim [ hy(e,y)e " do,
y—0 —oo
w -
Ki(z,y,t) = lim hus (o, y)e~ 02 da,
y—0 J_
Ko(z,y,t) = lim hao(a, y)e—ia(t—x)da’
y—0 —oo
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(2.106)

(2.107)

(2.108)

(2.109)

(2.110)

(2.111)

(2.112)

(2.113)




'iOl(Iig - 1)

ha(eny) = ——F— WiTa +7ira), (2.114)
' 3
o o
hip(a,y) = — (-T2 +7ir2), (2.115)
A;
o,
ha (e, y) = —Z;(yzrz'*'yz?“z), (2.116)
(kg — 1 _
haz (o, y) = ——(—g-—)(yzﬁ—yzm), (2.117)
3
yi(oy) = €Y+ ety g emha(-na) iy, (2.118)
o, y) = age™¥+ ayrietlmmna)tny _ Ayrae (P n2) 47Ty (2.119)

The singularities in the kernels come from the asymptotic behavior of the integrands.
The asymptotic analysis has to be performed in order to extract the singularities as
o — oo. The details of asymptotic expansion of the kernels Ki1(z,v,t), Ki2(2,9,1),
Ko (z,y,t) and Kxo(z,y,t) are given in Appendix E. For o — oo the asymptotic

behavior of hyy (e, y), hia(e, y), ha (e, y) and hoy(e, y) are as follows:

h(ay) = iie_laly(__m—i-l+(5+/€2)£+O(1)), (2.120)

|| 4 8 o a?
hio(a,y) = el (-’”4_1 + (”2;1) ;1—2[-%0 (55)) (2.121)
hot (e, y) = i!—g—|e”]°‘|y (—’“2:1 + (”2; 1)11—21 +O (é)) o (2.122)
haos(a,y) = elolv (’“24_1 - (”2;1)%—'+0 (%)) (2.123)

We may now write Ky, Ko, Kjo, Ko as

+00
K11($7y,t) = /

Kip(z,y,t) = / (hlz(a,y) + @4 e_]“xy> e~ =2 doy + Kioo, (2.125)

Ko + 1l o
h _—
11(Oé,y)+’t 4 la'

e“laly> e"i"‘(t_z)da + K1100(72124)

—c0
“+o0 ) 1 i
Koy (z,y,t) = / hoi(a,y) + 2&2: i—le"my> e 2 doy + Ko10d2.126)
K22 (iL‘, Y, t) = / hgz (Oz, y) - e—laly) C_Za( "x)da -+ Kzgoo, (2127)
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where

Kiioo(z,y,t) = —522_ ! /_Z i%e"“lye’m(t'm)da, (2.128)

Kiso(z,y,t) = —@4— ! /oo eTlele—ialt=2) go, (2.129)
—o0

Kojo(z,y,t) = — Hz: ! /_Z i%e"’“'ye”m(t")da, (2.130)

Kooo(z,y,t) = +K24_ 1 /oo e lelygmialt=2) gy, (2.131)
—o0

The first integrals in (2.124)- (2.127) are bounded and, when substituted into (2.108)

and (2.109) limit can be put under the integral sign. Using the following relations

+00 —
/ iMe_]a'ye_ia(t_z)da = ——-2——(15—-5-&, y>0 (2.132)
o @ (t—2)"+97
+o0
/ elelyg—ia(t-2) 7, — -(t—Q)yé—_—l__f y>0 (2.133)
— —-Z y

it may easily be shown that

Ko+ 1 t—zx

Kiioo(z,y,1) = : 2.134
1100, 9,?) 2 (t—z)2+y? (2.134)
Ky —1 Y
Kipeo(z,y,t) = — , 2.135
12 (l‘yt) 9 (t-—:c)2+y2 ( )
Ko+ 1 t—=x
Kooo(z,9,1) = — , 2.136
21 (my ) 9 (t—x)2+y2 ( )
Ko — 1 Y
K. t) = . 2.137
22oo($7y, ) + 9 (t —.’E>2 +y2 ( )
By taking the limit as y — 0 in equations (2.134)-(2.137) and noting that
. Yy . _
llll_ﬂr(l) TR mo(t — ), (2.138)
we obtain
. Ko + 1 1
lim Kooz, 9,8) = — , 2.139
yl_{f(l) 1100(2, Y, 7) 5 -1z ( )
. . Ko — 1
?1!1_1)1(1) Kion(z,y,t) = — 5 é(t — z), (2.140)
. Ko + 1 1
lim Koo (2,4,1) = — , 2.141
yg% 2100(%, Y, t) 5 i—2z ( )
-1
lm Kosoo (3, 9,2) = +2—md(t = ). (2.142)
Yy




Therefore equations (2.108) and (2.109) becomes

o0

0
2”#205’5”2(33&) = / [Kll(x)yat)_Klloo(x:yvt)]02yy(t:y)dt

-0

+ / [K12($ay,t) - K12oo($7yat)]02$y(t7 y)dt

-0

+ / Klloo(xa Y, t)0'2yy (t7 y)dt

+ / K12oo (Z‘, Y, t)02xy<t; y)dt7 (2143)

a [oe]
27?#20@“2(%@ = / [K21($7y7t)_K21oo($7y7t)]a22y(t7y)dt

+/ [K22(x:yat) - K22oo($7y7t)] UZyy(t) y)dt

—0o0

o0
+ / Ko100(2, Y, t)0ogy(t, y)dt

+/ K900 (T, Y, t)0ayy (T, y) d. (2.144)
—00
Multiplying (2.143) and (2.144) by —————— and taking the limit as y — 0.
T (ke + 1)
4o O 2 /°°
™ = - dt
Ko+ 1 8:1:U2(x’ 0) (ke +1) J_oo o245, 0) i, )
2 /w (t, 0)Lua (£, 7)dt
71_(,{12 + 1) _oogxy ) 12\Y,
w —
-l/ U2yy(t>0)dt_ K2 1U2xy(x,0), (2.145)
T J—-co t—zx Ko —+ 1
dpse 0 2 -
A 0) = —= 2y(t, 0) 121 (2, z)dt
/‘52""16.’[,“2(3:’ ) 71_(&24_1) /—\—000'2 y(t 0) 21( .'L')

2 oo
+m /_oo Oyy(t, 0) Ina(t, z)dt

1 [ 4y, (t 0)dt ~1
——/ T2y, 0)dt | 2 02 (2,0),  (2.146)

TJ)ew 7T Ko+ 1
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where

In(tz) = / has (0, 0) + 722 &) gmiati=a)gg (2.147)
—co 4 o
* kg —1 —ia(t—z)

Lip(t,z) = hi2(e, 0) + 1 e da, (2.148)
400

In(t,z) = / <h21 (a,0) + “ZZ = IZI> e=io(t=2) dgy (2.149)
+00 &2 — 1 .

IQQ(t,IE) = / <h22(a,0) — —'4—) e‘w‘(t—z)da. (2150)

Further refinements can be made by analyzing the kernels I11(¢, ), Io1(t, z),112(t, @)
and I (t,z) in equation (2.145) and (2.146). Observing that

I12 = 2/ R @12 (Oé —ia(t-2) 2/ (1)12 COSO((t——JI)dOé, (2 152)
0
o
.[21 = / R 2@21 —-za(t—a:) 2/ @21 sma t—a:)da (2153)
0
o0
I22 = / %[@22( ) —za(t——:l;) 2/ (1)22 a COSO[(t— )da, (2154)
0 0
where
alks — 1 . Ko+ 1
ei(e) = -2 gy + (2.155)
o Ko —1
Do) = Z—(—le_z-l-—y_f?"z)—F 24 ; + (2.156)
3
o Ko+ 1
P (a) = (yoT2 + Yar2) + 2 (2.157)
Ag 4
(kg — 1 Ky — 1
Bp(a) = ‘“(_Az},—)(yﬂ‘w‘*)‘ 2 T (2.158)
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we can write (2.145) and (2.146) as;

1 oo
——wgahy(x,O) - —/

T

1 [e.0]
WoOoyy(,0) — —/

T

where

kll (t, .’E) =
klg(t, IE) =
kgl (t, CC) =

k22 (t, IE) =

t—=x

[L +kn(t, x)} Oy (t, 0)dt

1 o
L / Comy(t, 0)kra (2, @)t =
T J-x
1
[tT— + ]C21 (t, CE):I O'Qxy(t, O)dt

1

—00

&2'—1
I€2+17

0
/\Qa—x’vg (SC, 0),

0
Azé;uz(ﬂ?, 0),

4piz0
Ko+ 1 ’
4

oo
P /0 &y (@) sin ot — z)da,
4

o0

®o(a)cosa(t — z)da,
| Pule)eosatt -2
4 oC
52+10

4 [e0]
®yo(a)cosa(t — z)da.
— | @nlejeosa(t-2)

®,; (a) sina(t — z)da,

33

— / 0oy, Ok, 0)dE =

fz(l”),

92(110),

(2.159)

(2.160)

(2.161)

(2.162)
(2.163)

(2.164)
(2.165)
(2.166)
(2.167)

(2.168)




Chapter 3

Formulation of the lower half plane

3.1 Solution of Differential Equations

Consider the plane elasticity problem shown in Figure 3.1. The medium (4) is a
homogeneous substrate and medium (3) is the FGM coating with a thickness h3. The
elastic constants of the homogeneous substrate is represented by ps and k4. The
non-homogeneity of the FGM coating is assumed to be such that its shear modulus,
13 is approximated by

u3(y) = paoe™?, —hs <y <0. (3.1)
Thus

fao = paoe” ", (3.2)

where the non-homogeneity parameter is

’)’3}13 = —In I‘3, (33)
Ha0
? K30 ( )

We define another parameter, x3

_ H40
H4

X3
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Figure 3.1: Geometry of the problem for the lower half plane

For the plane contact problem under consideration the Hooke’s law can be written as

O3a0(T,y) = ‘fi‘y [(ng + 1)% +(3- ng,)%%] , (3.5)
Coy (@) = %"3_% {(3—@)%%9“ 3+1)%%3] —ha<y<0 (36)
O30y (T,y) = paoe™ [88—1;3 %‘?] ; (3.7)
Otze(T,y) = m“j - {(m + 1)9(,93;ﬁ +(3- m)%} , (3.8)
Oayy(,y) = M/‘Lj 1 [(3 — &4)%—1;5 + (kg + 1)%%J ,—oo<y<—hy (3.9)
) [%ly t %’xﬁ] , (3.10)

where k3 = 3 — 4v; for plane strain and k3 = (3 — v3)/(1 + v3) for the generalized

plane stress conditions. The governing equations are the equilibrium equations and
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in the absence of body forces, they can be written as

0042z n a0'4zy

o - 0, (3.11)
a?}?*’% Y (3.12)
8g?:z +@£jx_y -0 (3.13)
Qg_?ﬁ +59%% I (3.14)

Substituting stresses found from equations (3.8)-(3.7) into equations of equilibrium

(3.11)-(3.14), we obtain the Navier’s equations as follows

82'UEI 8293 62’11,3
(1{3 + 1)—6y2 -+ ()‘{,3 — 1)—*6.’1,‘2 + 2a$3y
ou ov
+715(3 = iz) = + a3 + 1)553 = 0, (3.15)
O%us 0%us 0%v;
(k3 +1) 502+ (k3 — 1)—8@;2 + 920y
0 0
+ya(3 — 1)3%3 +sles — D2 = 0, (3.16)
0%uy 0%uy N
(/€4 + 1)@ + (K,4 - 1)—8y2 + 28x6y = 0, (317)
9%v4 02vy Buy
(Rt g + (k=N 5z + 255 = 0 (3.18)

To solve the Navier’s equations we define the Fourier transforms of the four displace-

ment components, uz(z,y), v3(z,y), usa(z,y), and vs(z,y) as

Fyay) = / " us(z, y)e % dz, (3.19)
Fia,y) = / " sz, y)eiowds, (3.20)
Gs(a,y) = /°° vs(z, y)e " *%dz, (3.21)
Ge(oyy) = /00 vy(z,y)e " dz. (3.22)
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The functions us(z, y), u4(z,y) and v3(z,y), vs(z, y) are given by the following inverse

transforms;
1 [ ;
w@y) = 5 [ Floy)eda
1 oo .
wwy) = 5 [ Flayeda,
1 [ -
wey) = 5 [ Gilaw)eda,
~00

1 [ -
ve(z,y) = :2;/ Gu(a, y)e*da.

(3.23)
(3.24)
(3.25)

(3.26)

Substituting (3.23)-(3.26) into (3.17)-(3.16) yields the following system of differential

equations with constant coefficients:

d*F. dF:
(K',g —_ 1)@23 -+ ")/3(1{,3 - ].)-d—y?i —_ (K,g + 1)a2F3
+2z’a%%3- + iay;3(ks — 1)G3

d*G dG
(k3 + 1)—= + v3(r3 + 1) —— — (ks — 1)*G

dy? dy
dF:
+2i0—— + i0ry3(3 — K3) Fi
dy
d2F4 2 . dG4
(kg — 1) a7 (kg +1)a*Fy + 2za—?@— =
d2G4 2 . dF4
(K,4 + 1) i - (/4,4 - l)a Gy + 22&—@ =

We can express the solution of (3.29) and (3.30) as

Fi(o,y) = [Ars(e) + Arws(e)y] e + [Arr(0) + Ars(a)y] e,

Ga(a,y) = [Ass(e) + Ass(@)y] € + [Agr(@) + Ags(@)y] 717

Assuming a solution of the form

Fg(Oé, y) = AS(a)eny7

Gs(a,y) = As(a)e™,
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(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
(3.32)

(3.33)

(3.34)




we obtain the solution of (3.27) and (3.28) as

8

Fi(a,y) = > Asi(e)e™?, (335)
j=5
8
Gilayy) = Z Agj(a)e™?, (3.36)
j=5
where n;, (j =5, ... ,8) satisfies the following characteristic equation
(n} = o® + yany)? + &3 laf | ysf* = 0, (3.37)
with
n? +ysn; = o +ilalds|ysl, j=5,6 (3.38)
nf —yan; = loff —ila|ds|vsl, j=18 (3.39)
3—K
2 3
= . 3.40
63 K3 +1 ( )

The roots of the characteristic equation are found to be

m = 5 (- PR ialle) (3.4)
ng = :21'( V3 = \/73‘*‘4 a2+z[a]|73]53>, (3.42)
n = %(—qy+vhg+4 —ZMHﬁwg) (3.43)
n = 3 (- - o+ @ dalule (3.44)

The functions As;(a), Agj(a), A7;j(a) and Ag;(a) (5 =5...8) are unknown functions

and are not independent. The relationship between them can be written as

Ars(a) = i{l—g—[Ags(a)—i-%Ags(a)}, (3.45)
Ars(a) = i%lAgﬁ(a), (3.46)
Jﬁm)ziP%Mﬂ@+%&wﬂ, (3.47)
Arg(a) = —i‘-g—'Agg(a), (3.48)
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Asj(a) = aj(a)dei(a),  J=35,6 (3.49)

Asj(o) = —Tja(a)Aei(a), J=T,8 (3.50)
where
(k3 +1) [njz -+ '7371]'} — (k3 — 1) a? ,
i(a) = — =35,...,8. 3.51
a] (CY) ’iO[ [277,] 4 vs (3 _ Klg)] ’ J ’ ( )
Using equations (3.38) and (3.39), (3.51) becomes
12ia? — |al(ks + 1)d373 .
. = = = 3.52
a’](a) o 271] +’Y3(3"" KS) J 576 ( )
1 2ia? + |al(ks + 1)8373 .
; - =78 3.53
a;(c) P ey pn s S (3.53)
aj(a) = —aj_2(0), j=138 (3.54)

3.2 Boundary and Continuity Conditions

3.2.1 Continuity conditions along the interface

The unknowns 4;;, (1=25,...,8, j=5,...,8) are obtained from the following dis-

placement and stress continuity conditions along the interface:

us(z, —hs) = ua(z, —hs), (3.55)
vs(z,—hs) = va(z,—hs), (3.56)
O34y (T, —hs) = Oayy(T, —hs), (3.57)
30y (@, —h) = Cazy(z, —h3). (3.58)

Since both o4, and 04z, vanish as |22 + y?| — —o0, in the solution given by (3.31
vy Yy

and (3.32), A7 , A7, Asy and Agg must be set to zero. Thus (3.31) and (3.32) reduce
to
Fi(a,y) = [Ars(a) + Ars(a)y] e, (3.59)

Gila,y) = [Ags(a)+A86(a)y]e|°‘|y. (3.60)
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Using (3.55) and (3.56) we obtain

( )
As
Jo 2 .
1— —(kg — |alh Al as ag —0s5 —a =
a ol lalhs) &\ _ ¢ ® %, (361)
1 —hs Ags 1 1 1 1 Ag,
\ A68 7
where
Afs = Agse Il (3.62)
Al = Agee ohe) (3.63)
Ay = Aese™™™, (3.64)
Ary = Agse ™, (3.65)
Ar, = AgreT™s, (3.66)
Aty = Agge ™0 (3.67)
Solving for Ag; and Agg, we obtain
( 3\
Ags
Afs | _ | L+habs 1+ hsbs 1+_h355' 1+_h3% ) Ak Y (3.68)
A bs be bs be Ag;
\ A68 /
where
b = ol e (3.69)
! Ky
bs = —M*’ig—ae, (370)
Ky K4

Using the third and fourth continuity conditions (i.e. (3.57) and (3.58)) we obtain

ss S | ) A || s % | ) Ass 671)
te —%Z Agg "t5 E Ag?
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where

55 = idzaas+ As (ks + 1) nska — (k5 — 1) | (3.72)

Sg = i)\3aa6 + A3 (K,g + 1) Ngkg — (KZZ — 1) ]Cl| (373)

ts = as[xskans — |o|(ke +1)] + ia[kaxs — (ke — 1)], (3.74)

ts = Qg [X3I€4n5 — [Oll(lih; -+ 1)] +ic [H4X3 - (I‘C4 - 1)] , (375)

)\3 - Kii + Ky (A3 (3 - l€3) - 2) +1 (376)
-1

A3 = X3 fia (377)
K3 — 1

v = =2 (3.79)

M4

Solving for A}, and Ag; we obtain

Ags — Ts T7 Ags (3.79)
Ags T7 Ts A§7

where
1
Ty = (Ssts + Ssts) (3-80)
Ay
1
™m = -&— (85t6 - 86t5), (381)
4
Ay = — (szf; + S_Gts) . (3.82)

3.2.2 Boundary conditions

The two boundary conditions for the unknowns Ags and Agy come from the tractions

along the surface. Substituting u3 and v; into (3.6) and (3.7) we have

= M_l_ > — ; ?_C;_3 EXe% ]
Osyy(T,y) = o) 27r/ [(3 k3) (i) F3 + (k3 + 1) 3y } e**da, (3.83)
0F3

Cony(7,y) = L / [——+ io) Gg} e o, (3.84)
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Taking the inverse Fourier transform we have

| oG ks —1 [ e

(3 — k3) (i) F5 + (ks + 1)—a—y3 = M:()e%y / O34y (t, y)e ™" dt,
OF: _ 1 ° o

_6y3 + (i0)G; = #306"’3"/— Cazy(t, y)e " dL.

Defining the contact stresses on the surface as
O3y (2,0) = o (2),
O3zy(2,0) = 7(2),

Fourier transforms of the tractions on the surface becomes

P(a) = /00 o(t)e ™ dt,

-0

Q(a) = / " r()eiotdt.

— 00

Therefore taking the limit of equations (3.85) and (3.86) as y — 0 we have

. 3G3 K3 — 1
(3 — k3)(10) F5 + (k3 + l)a_y = ﬂgoe%yP(a),
oF; . B 1
-8_; + (ZQ)GS - NSOe%yQ(O{).
Substituting F3(c,y) and Gs(a,y) into equations (3.91) and (3.92) we find
( 3
Ass
Zss 256 255 256 ) Ass [ _ 1 (ks — 1) P(a)
265 266 265 266 Aer #i30 Q)
Ass
\ J

where
Zs5 = (3 — lﬁ:g)(’i&)as + (KJ3 + 1)”5,
256 = (3 - m)(ia)ae + (:‘i3 =+ 1)716,
Zgs = QzNz + i,
266 — QgMNg -+ 1.
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(3.85)

(3.86)

(3.87)

(3.88)

(3.89)

(3.90)

(3.91)

(3.92)

(3.93)




Substituting Ags and Agg into (3.93) we obtain

T 6 A k3 — 1) Pla
6 6 65 :_1_ (3 ) () , (3.98)
rg —Tg Ag7 Hs0 Q)
where
T6 = 255 + Z567"5€_h3(n5—n6) + %T76_h3(n5—%), (399)
rs = 2g5+ ZssTse—ha(ns—nG) — 2_567'76_’13(“5.—%_5). (3100)
Thus, the unknowns Ags and Ag; become
1 _
A65 = - [(Fﬂg —_ 1)P(O[)Fg_+ T‘GQ(CY)], (3101)
H30As
1
A67 = [T‘sQ(Cl) -— (K)g — I)P(Q)T‘g] y (3102)
U305
where
Te Te
As = = —(r6Ts + TeTs)- (3.103)
rg —Tg

3.3 The surface displacement gradients

So far, we have found all the constants 4;;, (: =5,...,8, j=25,...,8) to determine
uz(z,y) and v3(z,y) in the Fourier domain. Since displacement vector is specified on
the part of the boundary y = 0 and the traction vector is specified on the remainder,
our problem is a miXed boundary value problem. Input to the problem is the y
component of the displacement gradient at the surface (%vg, (z,0) and the unknowns
are the contact stresses 034y (z,0) = 7 (z) and o3y (z,0) = o (z). Thus writing the

displacement gradients at the surface by taking the derivatives of (3.24) and (3.26)

with respect to z gives

: 8 : 1 00 . QT

llJl_I)I(l) e (z,y) = 251—% Y [m 1aGs(a, y)e'*“da, (3.104)
: 8 : 1 * . fe%

?141_1)1(1) 551@(3:, y) = 31/1_r+r(1) e iaF;(o, y)e'“da. (3.105)
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Substituting (3.35) and (3.36) into (3.104)and (3.105) we obtain

lim 27 pgo =3
y—0

oz

lim 27 30 =—us3
y—0

oz

where

KSl(xa Y, t)

K32(fl7, Y, t)

K41 (I7 Y, t)

(z,y) = /—00 Ksi(z,y,t)o(t)dt

x
+ / Kas(w,, 8)7(0)dt,

(z,y) = /_°° Ky(z,y,t)7(t)dt

+ / K42(£E,y,t)0'(t)dt.

-0
x
Ky(z,y,t) lim ha(a,y)e o(t=2) dy,
y—0 —c0
(ks — 1 I
ha1 (o, y) *—%‘-—) (ysTs + ys?”s) )
5
« _
hs2 (0, y) A (—ysTs + Ta7e)
5
16" o
hs1 (o, y) AL (yaT6 + Tars)
5
oKy — 1 S
haa(o, y) ——‘(g—‘)‘ (yaTs — YaTs)
5
ys(,y) = €™+ rgeha(nsTne)inoy 4 g emhineTRE)IREY,
ys(e,y) = ase™ + agrse MOV _ grrre

—h3(ns—7g)+7T6Y

(3.106)

(3.107)

(3.108)

(3.109)

(3.110)

(3.111)

(3.112)
(3.113)
(3.114)

(3.115)

(3.116)

(3.117)

The singularities in the kernels come from the asymptotic behavior of the integrands.

The asymptotic analysis has to be performed in order to extract the singularities as
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a — oo. The details of asymptotic expansion of the kernels K3;(z,y,t), Ks(z,y,t),
Ky (z,y,t) and Ky(z,y,t) are given in Appendix E. For @ — oo the asymptotic
behavior of h31 (Oé, y)a h’32(a7 y)a h41 (aay) and h42(a7 y) are as follows:

ha(a,y) = ireelolv (“3 S Cheski ) IR ( - )) ,  (3.118)

o 4 8 |a| o?
haola,y) = €W (—’“34—1— (”3;1)%‘]+O (é)) (3.119)
ha(ey) = er-le'aly<”321+(”3;1)%3]+0<51-2->>, (3.120)
hi(ayy) = el <”"34—1 + (”3;1)%%+0 (%)) (3.121)

We may now write (3.106) and (3.107) as

. 0 . *
llll_g% 27TM305;113($, y) = 21!1_1)% . [K31(z,y,t) — Ks100(2, y,t)] o(t)dt
+?];E)I(1) [K32(33,y, t) - K3200(5E,y,t)]7(t)dt
;ooo
+ lim Ks100(2,y,t)o(t)dt
y=20 J
oo
+ lim Kiooo(z,y,t)7(t)dt, (3.122)
=0/ _
. 0 . *®
;E)no 27['#30'8_:;“3(3;: y) = :llll—r)% e [K41 (.’L’, Y, t) - K4100(‘T7 Y, t)] T(t)dt
+:£I_I)I(1) [K42(:E,y, t) - K4200(x7y7t)] O—(t)dt
+;1_I)% . Kioo(z,y,t)7(t)dt
+ lim Kioo(z,y,t)o(t, y)dt, (3.123)
y—0 —o0
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where

1 [* ‘
Kaoo(z,9,t) = fis + / i 2 lolyg=iatt=2) g, (3.124)
4 Jow lof
cn — 1 00 )
Kooz, y,t) = —h34 / elolvgtalt-=)dq, (3.125)
-0
1 [* ,
Kioo(z,7,t) = '“BZ / i]%leialye*w(t-”da, (3.126)
—00
-1 [ .
Kiooo(z,9,t) = &34 / elolvg=ielt=2)gq (3.127)
-0

The first integrals in (3.122)- (3.123) are bounded and, therefore limit can be put

under the integral sign. Using the following relations for y < 0

“+0o0 _
/ imeialye_ia(t'z)da = _2(-32) - z) ) y < 0,
o O \ (t—z)" +92
+oc
/ ol —ialt-2) g, — ___-_._2% . y<0,
—00 (t—z)" +y?

it may easily be shown that

K3io0(z,y,t) = > =2ty (3.128)
Kio(z,7,t) = &32— 1 - xg);z — (3.129)
Kiw(z,yt) = 22 ! e .Zzi = (3.130)
Kpeo(z,y,t) = _i€32— . = x@)/z 2 (3.131)
Taking the limit as y — 0~ in equations (3.122)-(3.123) and noting that
Jm a%c_)—;:r? = t_l - (3.132)
lim Y = —7(t— 1), (3.133)

y=0- (t — )2 + y?
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we find

K)3+1 1

1i oo\ Y, = ’ .
y%Kgl (.’23 Y t) -+ 9 PR (3 134)
. _ _K)3 -1 _
%IE)%KZiZoo(x:y)t) - 9 7T6(t .’13), (3135)
. K3 -+ 1 1
l o.¢] 3 h = 2 *
y1_1r>1(1)K41 (z,y,1t) 5 1 (3.136)
. . K3 — 1
;gr(l)KQoo(x,y,t) = + 5 é(t — ). (3.137)
Substituting (3.134)-(3.126) into (3.122) and (3.123) it may be shown that
N2z, 0) 2 /oo (81 (£, 7)dt
—— - —_——_—_——— o
S0z 0N (ks +1) J_ oo s
P / " () I (t, 7)dt
Tlks +1) o~ 00
1 [ o(t)dt
-I—;/_oo P — wsT(2), (3.138)
A 2u (z,0) = —2———-/00 7(t) 41 (¢, z)dt
%0z 2 T wlks+ 1) ) A
+————z— /oo o(t)Is2(t, z)dt
m(ks +1) J oo = 2%
1 [ 7(t)dt
+= /«oo T + w30 (), (3.139)
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where

In(t,z) = /_ Z <h3l(a,0)-i“321|%“> e~ielt=2) g, (3.140)
Is(t,z) = /oo (hgg(a,O)—i-’—i-‘?’::—l) e~ =) doy, (3.141)
Ln(t,z) = /_ : (h41(a,0)—i%1—l—g—l> e=ia(t=2) g, (3.142)
Ip(t,z) = _oo <h42(a,0)—ﬁ3;—1> e~et=2dq, (3.143)
wy = ’Zz: (3.144)
s = % (3.145)

Further refinements can be made by analyzing the kernels I3, (¢, z),/52(¢, z),101 (¢, z)
and I (t, z) in equation (3.138) and (3.139). Observing that

Ly = 2/ R [i®3: () e‘ia(t"”)] da = 2/ @3, (o) sina(t — z)do, (3.146)
0

_[32 = 2/ R [@32 (a —ia(t= I) 2/ @32 COSO!(t'- )dOA, (3147)
0 0
I41 = 2/ R ['i@“ (a) —ta(t-2) 2/ @41 sin & t——x)da (3148)
0 0
I42 = 2/ %[@42 (CY) —ia(t- z) 2/ @42 a COSOé(t— )da, (3149)
0 0
where
alky —1 _ Ky +1
®31(0) = "——""—"—( BA ) (ysTs + TaTs) — 34 , (3.150)
6
Yo" k3 —1
Pyo(a) = (—ysTs + Tare) + ——, (3.151)
AG 4
+1
Pu(a) = ““g“ (y4Te + Yare) — n34 ; (3.152)
6
1a(rkg — 1 Ky — 1
Pyo(a) = _tolks —1) 2 ) (yaTs — Tars) — — VR (3.153)
6
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we can write (3.138) and (3.139) as;

—wg@%+l/f[—i——km@x40@ﬁ

T ) t—2Z
1 e o]
- [ okt aa = ),
1 [ 1
wgcr(a:) + ;/ l:-t-:—; e k41(t,$)] T(t)dt
1 [e.e]
——/ oWka(t,2)dt = gaa),
m —00
where
0
fa(z) = )\3551)3(58,0),
0
gs(z) = )\38—$U3($70),
Ns = 430
Ky +1
4 e .
kai(t,z) = —K3+1/0 ®3; (o) sina(t — z)da,
kso(t,z) = _/{3j—1)/0 ®35(a)cos at — z)da,
4 *° .
ky(t,z) = _/ﬁ3+1/o &4 (a) sina(t — z)de,
4 (oo}
kyo(t,z) = —&34—1/0 D 45(a)cos ot — z)do.
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(3.155)

(3.156)
(3.157)

(3.158)
(3.159)
(3.160)
(3.161)

(3.162)



Chapter 4

The Integral Equation and Its

Solution

If the direction of the forces P and @ are taken to be as in Fig. 4.1, boundary

conditions become

Oy (€, 0) = 0 (2) = (4.1)

0 r<-—a, x>bh

{ —p(z) —a <z <b,

Shear stress at the surface of the medium is related to the normal stress by coefficient

of friction 7 as follows:
032y(2,0) = 7(z) = no(z) = —np(x), (4.2)

Substituting (4.1) and (4.2) into eq (3.154) we have (3.155)

[——— + k31(t, ) + nksa(t, ff)} p(t)dt = fi(z), (43)

3 |

wsnp (z) +

/.
/ [_—mw 2) + kaalt, x)} )it = g@).  (44)

3 |

—wgp "1"

30




where

fa(z)

93()

A3
k31 (t, )
ksa(t, )
ka1 (t, z)

k42 (t, SE)

Figure 4.1: Problem geometry

0
)\3%1}3(% 0),

)\3%'“3(% 0),
4pso

K3 -+ 17
4

K3 +1
4

K3+ 1
4

K3 +1
4

I€3+1

o0
/ @3 (o) sin a(t — z)da,
0

/ B35 (a)cos aft — z)da,
0

/ &4 (a) sina(t — z)da,
0

/Ooo ®4o(a)cos ot — z)de.

(4.9)
(4.10)

(4.11)

In the singular integral equation (4.3) the contact pressure p(z) is unknown. a and

b, on the other hand depends on the punch profile and is found by applying the

equilibrium and, if needed, the consistency conditions. The equilibrium of the punch

requires that the total pressure on the contact area should be equal to the total load

applied to the punch. This can be expressed as

/_ b p(t)dt = P.

o1

(4.12)



where P is the known compressive force per unit depth in z direction, applied to the
punch away from the contact region.
To solve the singular integral equation (4.3) we first normalize the interval (—a, b)

to (—1,1). This can be done by defining the new variables

= b;a, (4.13)
x:b;ar b;a, (4.14)
t:b;awb;a, (4.15)

p(z) = ¢(r), (4.16)

ko (£, 2) = %k;l(s,r), (4.17)
b (£, 2) = %kgg(s,r), (4.18)
f3(z) = f5(r), (4.19)
o= %g, (4.20)

P31 () = 5(C), (4.21)
Ps2(a) = 25(¢), (4.22)
M SR VL (4.23)




The singular integral equation (4.3) then becomes

a2 [ 2 Bon) + i) 66)ds = 50

mJ |ls—T

where

A = wsn,
B = -1,
o) = o3y [ E(@sinc(s—n)ac
* — 4 0 *
alsr) = —r—577 | () cosc(s =),
2,0 = - (om0 + B0l - 2
B(0) = g (OO + B +

(4.24)

(4.25)
(4.26)

(4.27)
(4.28)
(4.29)

(4.30)

The method of evaluation of the Fredholm kernels k3, (s, 7) and k3,(s, ) are shown

in Appendix F. However when evaluating the Fredholm kernels we end up with the

|s = 7|

integration of sign function,

and the logarithmic function log|s — 7|. In the

integration of k3, (s,7) and k},(s,r) from —1 to 1, we subtract and add this functions

in order to regularize the integrand. Therefore we may write

4 o0 5) x _
k3 (s,r) = "t D [/0 @31(C)SinC(8-—r)d§—(F”3—; )73%’2_:]
4 (ka5 ymis—r]
(k3 +1) 8 2 s—1°
4 oo 1)~
Bals:r) =~y [/0 @;Q(C)COSC(S_T)CK_(&%Lﬁlog|s_r|]
4 (%3+1)7§10g|8—rl.

(KZ;; + 1) 8
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4.1 The fundamental function

The dominant part of the singular integral equation of the second kind (4.24) is of

the form

asr) - L [ g By 1<r<n, (4.31)

TJ18—T

where the bounded function F(r) contains part of the integral equation with the

Fredholm kernels. Defining

B(z) = 5-175 _11 ;—(j—lds, (4.32)

and using the following general Plemelj formulas

- 1
) —a() = 17 ber<t (4.33)
0 r<-—1,r>1,
i, : MalS, ~-l<r<li,
OF(r)+d (r) = mJyS§—T (4.34)
20(r), 7 r<-1,r>1.

we may reduce (4.31) to the following Riemann-Hilbert problem for the sectionally

holomorphic function ®(z):

¥ (r) = Go™(r) + g(r), (4.35)
where
A+
G = et (4.36)
g(r) = 5(—7:)2 (4.37)

Considering the corresponding homogeneous equation

X*(r) - GX~(r) =0, (4.38)
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we obtain the fundamental solution X (z) and the fundamental function w(z) of (4.31)

as [43]
X(z) = (z—-1)%z+1), (4.39)
w(r) = (1—7)%r+1), (4.40)

where
a = a1+ib + N, (4.41)
B = ay+iba+ M, (4.42)
a;+1by = 12%?-, (4.43)
as +1by = —1—;%. (4.44)

If A > 0, we define the angle, 6, such that

A+1 = re”,
A—i = re’ ¥,
1
f = arctan 1 > 0. (4.45)
Therefore equation (4.43) and (4.44) becomes
o 0
a; +1b; = i Ine = —, (4.46)
2me T
as +1iby = —i-lnem = _8 (4.47)
2 271 7’ '
yielding
6
0
8 = M- —. (4.49)
m

However, If A = —Ay < 0,we define the angle, 0,

@ = arctan

%I > 0. (4.50)
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From equation (4.36) G becomes

G- A — 1
Ao+ i
We define the angle, 6 as
Ag+1t = T‘Gie,
Ag—i = re7 ¥,

1
# = arctan (;1;) > 0.

Therefore equation (4.43) and (4.44) becomes

1 .
a +1; = —1In e = —
271
1 )
ag +1iby = T Ine % =
i
Consequently
0
o = N-—-—,
i
0
/B = M + )
T

SHESENEEN

(4.51)
(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

where N and M are arbitrary(positive,zero, or negative) integers and they are deter-

mined from the physics of the problem. The index of the integral equation is defined

by

ko = —(a+ f) = —(N + M).

(4.58)

we observe that in the punch problem with friction A = n(k3 —1)/(x3+1). Therefore,

the powers of stress singularity o and 3 will depend only on the coefficient of friction

n and the value of the Poisson’s ratio on the surface of the FGM layer. In this

study the Poisson’s ratio is assumed to be constant, consequently o and § would be

independent of the non-homogeneity parameter yshs.

o6




4.2 Numerical Procedure

We have derived the singular integral equation for the punch problem. The integral
equation has a Cauchy kernel and two Fredholm kernels. The solution of the singular
integral equation is generally obtained either through function theoretical technique as
given by Muskhelishvili [43] or through numerical methods [44] and [45]. In this study
the method of using orthogonal polynomials with the unknown functions represented
by Jacobi polynomials, associated with the weight function w(s) and described in [46]
is used.

The singular integral equation does not have a closed form solution. Hence a
numerical method has to be used. In this study Jacobi polynomials are used to reduce
the singular integral equation to an infinite system of linear algebraic equations.

Once the fundamental function, w(s) of the integral equation is determined, the

solution of (4.24) may be expressed as
#(s) = G(s)w(s), -l<s<1, (4.59)

where G(s) is a bounded continuous function and can always be represented by an
infinite series. Observing that w(s) is the weight function of the Jacobi Polynomials,

one may write

o0

(s) =Y _ caw(s)PF)(s), (4.60)

0
where ¢,, (n=0,1,...) are undetermined constants.

By substituting (4.60) into (4.24) and making use of the property of the Jacobi

polynomials(A.6), we find

}jc[ é;*%>+xhvﬂ=fﬁm, Sl<r<1, (461)

sinmTo

where

KMH=;K%MWMW%&M%”%M®M (4.62)

1
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The functional equation (4.61) can be reduced to a system of algebraic equations
in ¢, through a suitable collocation technique. In the numerical solution of (4.61),
higher accuracy is obtained when the density of the collocation points is increased
near the ends by choosing the collocation points (r;, @=0,1,...,N) as the roots of

the Jacobi polynomials depending on the index of the problem.

4.3 The In-plane stress, o,, on the surface

Once we obtain the solution for the contact stresses o (z) and 7 (z), we can find the
in plane o3, stresses on the surface of the FGM coating. The strains in y and z

direction can be written as

1

€yy = E_— [U3yy - V3(03xx + 0322)] ; (463)
3
1

€322 = E [0322 - V3(J3xz + USyy)] ) (464)

In the plane strain case (e3,, = 0) the stress in z direction becomes
0322, = 3 (USIx =+ USyy)- (465)

Substituting this stress back into equation (4.63), we obtain

1—v2 v3(1+ v
631/?/(377 y) = —E3'_3—03yy(x7 y) - _3_(_E.3—3)0-32:z:(x7y)' (466)
We also have
K3 = 3 - 41/3, (467)
7 - K3
Esy = 2p30 (14 v3) = 3o 5 (4.68)
-7 1
1 _ Vé? - _ (K:3 )("{/3 + ), (469)
16
3— 7 —
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Thus

1—V§_l€3+1

= , 4.71
Es 830 ( )

v3(1+v3) 3 —ks

. (4.72)
E3p 8Ls0
Substituting (4.71) and (4.72) into equation (4.66) and taking the limit as y — 0 we

find

k3 +1 3 — K3
O3y (2, 1Y) — 0322 (2, 4.73
81130 3yy( y) 81130 3z ( y) ( )

0
€3yy ($7 O) = _U3($> 0) =

Oy

Substituting iug,(:::, 0) and -Q-’U;;(:E, 0) from equations (4.4) and (4.73) into equation

oz oy
(3.5) and after some algebra it can be shown that
2 [ 7t
0'31;1(117,0) = O'($) + ;/;a tT()x—dt
2 [ 2 [?
-2 / ko (6, 7) T(t)dt — / ko (h2)o@)dt (4.74)
where
ky(t,z) = — 4 /OOCD (o) sina(t — z)do (4.75)
alhr) = =7 | Pa ; -
4 0
Balts) = —— /0 Ba(a)cos alt — 7)da, (4.76)
or in a compact form
0-3-’152(2"7 0) = O-gx(x’ 0) + ng(l‘, 0)1 (477)
where
o b
o? (2,0) = o(z)— = | ka(tz)o(t)dt, (4.78)
7 (2,0) = 2/b L k(o) r)dt (4.79)
Orx\ T, = 7). — 2 41\, )| T . .
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Chapter 5

Results of Rigid Stamps

5.1 The Flat Stamp

Consider the contact problem for the FGM layer bonded to a homogeneous substrate

shown in Fig. 5.1 where the stamp profile is given by

vs3(z,0) = —vso.
From (5.1) it follows that
0
B_IL‘US(x7 0) =0.

We now define the tractions on the boundary

U3yy(t7 0) = —p(t), U3xy(ta 0) = —7729(75),

O3yy(t,0) = 0354(t,0) =0,
and making use of the following change of variables

x = ar,

t = as,

—-a<t<a,

t < —a,t>a,

(5.1)

(5.2)




Figure 5.1: Geometry of the flat punch problem

and defining

p(t) = 200¢(s), (5.6)
Oo = £> (5.7)

and using the relations (4.17)-(4.23) integral equation (4.3) and the equilibrium equa-

tion (4.12) become

Ag(r) + l/_1 {— " Ky (s,7) + mkias,m) | ()ds = £5 (), (5-8)

mJ_1| s$—7

/ 11 b(s)ds = 1, (5.9)
where
A = wsn, (5.10)
B =0 (5.11)
kaa(s,r) = ék;l(s, "), (5.12)
ksa(s,r) = i—k;z(s,r). (5.13)
Since p(z) has integrable singularities at £ = —a, and z = a, from the physics of the

problem we must require that both o and § be negative.
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If n > 0 from equations (4.48) and (4.49) we have

a = N+%, = N=-1, (5.14)
g = M_g, = M =0, (5.15)

and if n < 0 equations (4.56) and (4.57) give

a = N—g, = N =0, (5.16)
8 = M+%, = M=-1. (5.17)

The index of the integral equation is defined by
ko=—(a+B8)=—-(N+M)=1. (5.18)

«a and [ then become

n>0: a=-1+60/r, [=-6/m,

n=0: a=-0.5, B =-0.5, (5.19)
n<0: a=-0/x, B=-1+6/m,
where
Ky +1 l
= arctan | —————| . 5.20
?7(53 — 1) ( )

In Table 5.1 some values of the a and 3 are given for various values of n and v = 0.3.

Assuming a solution of the form
3(s) = w(s)>  cnP®(s) (5.21)
0
w(s) = (1-38)*1+s), (5.22)

considering the property of Jacobi Polynomialé (A.6), letting

Konlr) = 2 [ 506,71 4 nkia(s, ] wls) B 51, (5.23)

1
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Table 5.1: Values of o and g for the index, ko =1

L7 o | B |
0.3 | —0.4728 | —0.5272
—0.1 | —0.4909 | —0.5091
0 | —0.5000 | —0.5000
0.1 | —0.5091 | —0.4909
0.3 | —0.5272 | —0.4828

and truncating the series in (5.21) at N, equation (5.8) becomes

2sin o

D o [—-1—1’753‘1""‘3 (1) + Kan(r) | =0 (5.24)
0

Equation (5.24) provides N equations for N + 1 unknown constants cy, ..., cy. The
additional equation for a unique solution is provided by the equilibrium condition

(5.9), which becomes

ch / s) PP (s)ds = 1. (5.25)

Using the orthogonality condition (A.7), we obtain the following N + 1 equations

(3060 = 1, (526)
N
S eFu(r) =0, i=1,...N, (5.27)
0
where
Ve 1 pla-B) . .
F, (r;) = 2sin7raP”"1 (1:) + Kan(rs). (5.28)

In (5.28) r; (1 =1,..., N) are obtained by setting
pettA iy =0, i=1,..,N. (5.29)
From (5.6), it then follows that
p(r) = 2008(r)
N

= 200w(r) Z e P8 (). (5.30)

0
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Or, in physical coordinates

p () z\° TV pas) (©
70_:2(1-5) (1+5> zozcnPn’ (5> (5.31)

The contact stresses can then be obtained in nondimensional form as

Oayy (2,0) _ _p(x):__Q(l___) ( ) Zc P(aﬁ)( ), (5.32)

Oy Jo
JZyy (3?, 0) — __np ($) ’ (533)
oy o}

and by using equation (4.74).

035z (3,0) = 0 (z) + gﬂ/ o (t) N g — i/a (ka2 (t,2) + nkay (t,2)] 0 (t) dt.  (5.34)

T t—x —a

It may also be shown that

0322 (2,0) = —p(x)——?/ t—(—de_ / (ko (t, ) + ka1 (¢, )] p (t) dt
= 2[00 -2 [ 2014 2 [y (r) ks a0 ) s

Or defining

O3z (7,0) = =200 (1), (5.35)

pr)=¢(r)+ 2n _1 ¢—(sldt _2 ‘/‘1 [kiy (s,7) + nky; (s,7)] @ (s) ds (5.36)

1

The nondimensional in-plane streses 03, (z,0) would then become

0
I322 (2,0) _ ~2¢ (r)
0o
In Figure 5.2 - 5.3 the stress distribution on the surface of the FGM coating loaded
by a rigid flat stamp is given for various values of the stiffness ratio I's = ps/u30 in

the case of no friction and a/hs = 0.1, 0.5 respectively. The o, stress distribution

is symmetric and unbounded at the ends of the stamp. For the stiffenning coating
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on the hard substrate(I's = 8) the in-plane stress o,, at the surface of the coating
is positive outside the contact zone. However for the softening coating on the soft
substrate (I's = 1/8) o, is negative everywhere along the surface of the coating. Also
for the softening coating, the contact pressure oy, at the ends of the contact zone is
higher than the stiffening coating.

Figures 5.4 -5.9 give the stress distribution on the surface of the FGM coating
loaded by a flat stamp is given for various values of the stiffness ratio I's = p4/ 30,
a/hs, and n. At the trailing edge of the contact the inplane stress o is positive
infinite wheras at the leading edge the o, is negative. Therefore the possible site of

crack initiation is at the trailing edge.

5.1.1 Stress intensity factors

Mode I stress intensity factors at the ends of the stamp can be defined as

p 20
ki(a) = }:I—Etlz2—5(a(——x_ OZ cn PP ( (5.37)

= p(z) 200 (e8)
ki (—a) = J.l.,mm(“a Z P¢ (5.38)

The non-dimensional stress intensity factors may then be expressed as

k(o) = Zc Pleh) (1 (5.39)

20’0

Ef(-a) = 27014:1 chpw’ﬁ) (5.40)

Table 5.2-5.3 gives the normalized stress intensity factors at the ends of the flat

stamp by assuming v = 0.3, for a/hz = 0.1, 0.5 respectively.
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Table 5.2: Stress int.ensity factors for flat stamp, a/hs = 0.1

n=20.0 n=0.1 n=20.3 n=0.5
a=-05| a=-0.5091 a = —0.5272 a = —0.5452
B=-05| [=-0.4909 8= —0.4728 B = —0.4548
T kia) | ki(=a) | kia) | ki(=a) | ki(a) | ki(=a) | Fi(a)
| Pdf Pa® | PafP | Pa® | Pa? | Pa* | Pof
8 0.2802 | 0.2769 | 0.2833 | 0.2696 | 0.2885 | 0.2615 | 0.2926
2 0.3038 0.3025 | 0.3048 | 0.2991 | 0.3060 | 0.2949 | 0.3062
1 0.3183 | 0.3182 | 0.3182| 0.3171 | 0.3171 | 0.3151 | 0.3151
1/2 | 0.3355 | 0.3366 | 0.3341 | 0.3382 | 0.3305 | 0.3386 | 0.3261
1/8 | 0.3813 | 0.3855 | 0.3768 | 0.3933 | 0.3673 | 0.3999 | 0.3572
Table 5.3: Stress intensity factors for flat stamp, a/hs = 0.5
n=20.0 n=0.1 n=20.3 n=20.5
a=-05| a=-0.5091 o= —0.5272 a = —0.5452
B=-05| B=-04909 | B=-04728 | B=—0.4548
r k1(a) ki(=a) | ki(a) | ki(—a) | ki(a) | ki(—a) | ki(a)
s Paf Pa® | Paf | Pa> | Paf | Pa> | Paf
8 0.2086 0.1973 | 0.2199 | 0.1754 | 0.2422 | 0.1549 | 0.2635
2 0.2700 | 0.2657 | 0.2740 | 0.2565 | 0.2814 | 0.2467 | 0.2876
1 0.3183 0.3182 | 0.3182 | 0.3171 | 0.3171 | 0.3151 | 0.3151
1/2 | 0.3848 | 0.3895 | 0.3800 | 0.3979 | 0.3696 | 0.4053 | 0.3587
1/8 1 0.6011 0.6178 | 0.5844 | 0.6510 | 0.5511 | 0.6834 | 0.5185
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Figure 5.2: Stress distribution on the surface of the FGM coating loaded by a rigid

flat stamp for various values of the stiffness ratios, I's = ﬂ, o0 = 5= a/hs = 0.1,
K30
n = 0.0.
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1 oo

Figure 5.3: Stress distribution on the surface of the FGM coating loaded by a rigid

flat stamp for various values of the stiffness ratios, I's = —l—l—‘i—, 00 = 5, a/hs = 0.5,
K30 a
n = 0.0.
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Figure 5.4: Stress distribution on the surface of the FGM coating loaded by a rigid

flat stamp for various values of the stiffness ratios, I'3 = f—‘l—, % =5, a/hz = 0.01,
K30 a
n = 0.3.
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Figure 5.5: Stress distribution on the surface of the FGM coating loaded by a rigid

flat stamp for various values of the stiffness ratios, I's = —&4—, 00 = 5, a/hs = 0.05,
H30
n = 0.3.
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Figure 5.6: Stress distribution on the surface of the FGM coating loaded by a rigid

flat stamp for various values of the stiffness ratios, I'; = ﬁ4——, oy = 20 a/hs = 0.1,
H30 a
n=0.3.
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Figure 5.7: Stress distribution on the surface of the FGM coating loaded by a rigid
p
&, gg = %, CL/h3 = 05,

flat stamp for various values of the stiffness ratios, I's =
30

n = 0.3.
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Figure 5.8: Stress distribution on the surface of the FGM coating loaded by a rigid

flat stamp for various values of the stiffness ratios, I's = ﬁ, o0 = 5 a/hs = 0.1,
H30
n=0.5.
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Figure 5.9: Stress distribution on the surface of the FGM coating loaded by a rigid
P
flat stamp for various values of the coefficient of friction n, I's = Ha 8, o = %’

30 2
a/h3 =0.1.
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Figure 5.10: Geometry of the triangular stamp problem
5.2 The Triangular Stamp

Consider the stamp problem for the FGM layer bonded to a homogeneous substrate

shown in Figure 5.10. The stamp profile is given as

v3(z,0) = mx + C. (5.41)
Therefore,
0
'8—(1;’03(1', O) =Tm. (542)
Letting
0(@0) = —p(a),  0nlz,00= —mpz), 0<z<b
Oyy(2,0) = 04(z,0) =0, z <0,z >b, (5.43)

the integral equation (4.3) and the equilibrium equation (4.12) becomes

ap@) + 3 [ |- o) + ket o) s = filo), (549

/ ' o(@)di = P, (5.45)
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where

K3 — 1
= 5.47
w3 K3 + 17 ( | )

41130
As = 5.48
3 K3 + 1’ ( )
0

fi(z) = )‘35;03 (z,0) = Asm. (5.49)

Now, using the following change of variables in order to normalize the interval (0, b)

T = g(r+1), (5.50)

b= D(s1), (5.51)
2

p(t) = Asm(s), (5.52)

and using the relations (4.17)-(4.23) integral equation (5.44) and the equilibrium

equation (5.45) become

Agp(r) + l/_ [_ ! + k3, (s,7) + 771{:;2(5,7)} d(s)ds =1, (5.53)

1 11 6(s)ds = ii - (5.54)
where

ks (s,7) = %k;l(s,r), (5.55)

ksa(s,r) = %k;z(s,r). (5.56)

Since the triangular stamp has a sharp corner at z = 0, and a smooth contact at
z = b, from the physics of the problem we must require that « be positive and § be

negative.
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If n > 0 from equations (4.48) and (4.49) we have

a = N+%, — N=0, (5.57)
g = M_% = M =0, (5.58)

and for n < 0 from equations (4.56) and (4.57) it follows that

a = N—g, = N=1, (5.59)
g = M+§, = M=-1 (5.60)

The index of the integral equation is defined by and obtained as

ko=—(a+B)=—(N+M)=0. (5.61)
« and S then becomes
n>0: a=40/n, g =—-60/x,
n=0: a=0.5, B = —0.5, (5.62)

n<0: a=1-60/r, B=-1+0/~,

where
= —. 5.63
§ = arctan A' (5.63)
In Table 5.4 some values of a and (3 are given for various values of 7.
Assuming a solution of the form
#(s) = w(s)Y enPlP)(s (5.64)
0
w(s) = (1—8)*1+5s), (5.65)
considering the property of Jacobi Polynomials (A.6) and letting
Konr) = 2 [ Bsloor) + nkils w9} P 5)ds, (5.66)
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Table 5.4: Values of a and [ for the index, £y =0

L 7 o 5|
—0.310.5272 | —0.5272
—0.1 {0.5091 | —0.5091

0 0.5000 | —0.5000
0.1 {0.4909 | —0.4909
0.3 |0.4728 | —0.4728

after truncating the series in (5.64) at N, the integral equation (5.53) becomes

i[ ~_po)(r) + Kan(r)| = 1. (5.67)

sin o

In this problem, after the application of a given load, one end of the contact length (
i.e. b) is unknown. However for a given value of the contact length, equation (5.67)

provides N + 1 equations for N + 1 unknown constants (cg, ..., cy) as follows:
N
Y enFy(r) =1, i=1..,N+1, (5.68)
0

where

1
F (7‘2) - sin WaPT(L_a’~ﬂ) ('ri) + Ksn, (5'69)

and r; (i =1,..., N + 1) are defined by
Ple=LA+D) (1) = Q. (5.70)

The relationship between P and b can be found from the equilibrium equation (5.54)

2P
= . 5.71
cobo Aarib ( )
where 6 is given in (A.8)
fo = 1% (5.72)
sin o

78




The load versus contact relation can, therefore, be obtained from (5.71) as

P _ 200(90 b
psom  Kz+ 1

The solution of the problem then becomes (5.52)

p(z) = Asmg(r)

4/.1,307’)’2, 1—7r * &
= - pleb) (), 5.73
/€3+1<1+’f‘> ;C n(r) ( )

In nondimensional form, the contact stresses can be expressed as

O34y (2, 0) 4 (b—z\* &
3yy \&%» - (@.B)
—_ Y PO (22/b— 1). 5.74
L30T K,3+1< T ) Oc w2 ) (5.74)
Defining
032z (Z,0) = Agmap (1) (5.75)

the in-plane stresses, 03, (z,0) can be found by using equation (4.74), as follows:

C3ae (2,0) = 0 () +27r—’7 / o) g _ ;2; /0 lhas (t,7) + nkar (,2)] 0 (£) dt,  (5.76)

o t—x

Using equation (5.43), equation (5.76) becomes

b
0322 (2,0) = —p(z)— 2:/0 t_(ldt-}- 2/0 [kga (t, ) + Nk (¢, 2)] p (t) dt
= Asm [—qb(r) = | j_(_ Zdt—{- /_1 (k3 (s,7) +nk3y (5,7)] ¢ (5) ds] :
Thus, from (5.75) it may be seen that
() === 2 [ 204 2 [ i (o) iy (178 (9 .

The nondimensional in-plane streses o3;; (z,0) then becomes

0_3g:x (:I:, O) — 4
H3o™m k3 +1

»(r).

79




Figure 5.11-5.12 give the stress distribution and the load versus contact length
curves of an FGM coating loaded by a triangular stamp for various values of the
stiffness ratio, I's = p4 /30 in the case of no friction and b/hs = 0.2,0.5 respectively.
The contact pressure o, is bounded at = b and is zero. On the other hand, it
is unbounded at the sharp edge z = 0. The oy, stresses for the stiff substrate and
the stiffening coating(e.g.'s = 8) are greater than those of the soft substrate and the

softening coating (e.g. I's = 1/8). The peculiar behavior of the in-plane stress oz,

is such that it is tensile for I'; > 1 and zero for I'; = 1( homogeneous coating) and
compressive for I's < 1 at z < 0. However at = b the o,, stresses have a peak as
I'; increases. Note that all the stress components are zero outside the contact zone
for the homogenous coating. By looking at the load versus contact length curves we
can deduce that for the same load P* the contact length increases for the softening
coating (I's < 1) and it decreases for the stiffening coating ( I'; > 1). Or in other
words, for stiffening coatings I'; > 1, it requires larger load to get the same contact
length compared to the softening coatings ( I's > 1). There is a linear relationship
between the load and the contact length for the homogeneous coating. Also as the
contact length b increases or the thickness of the coating hs; decreases or in other
words b/hsz increases the magnitude of the contact stresses increase.

Figures 5.13-5.18 give the stress distribution and the load versus contact length
curves of an FGM coating loaded by a triangular stamp for various values of the
stiffness ratio, I's = g/ us by fixing the coefficient of friction, n and b/hs. Again,
the magnitude of oy, stresses increases as I'; increases. The maximum tensile stress
occurs at the trailing edge of the contact, z = b for the stiffening coating I's > 1.
Note that the homogeneous coating has also a peak at the trailing edge of the contact.

We now fix the stiffness ratio, I's and b/h to see the effect of the coefficient of

friction on the contact stresses in Figures 5.19-5.20. For the stiffening coating on a
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stiff substrate(I’s = 8) there is no significant change in the oy, stresses. However as
n increases the o, stresses increases at the trailing edge and are tensile. There is no
significant change also in the load versus contact length curves due to the variation
of the coefficient of friction. In the case of the softening coating on a soft substrate
I's = 1/8 the behavior of the streses are the same except they are low in magnitude.
The amount of load applied to the stamp P* decreases as 7 increases for the same

contact length b/hs.

5.2.1 Stress intensity factor

The mode I stress intensity factor at the end of the stamp can be defined as

be
b (0) = lim s (o) = 222 Z P~ (5.77)

The non-dimensional stress intensity factor can be defined as

ko) =20 _ 4 icnP,Ea’ﬂ)(—l). (5.78)

pzomb® Kz +1

Tables 5.5-5.6 give the normalized stress intensity factor at the sharp end of the
triangular punch according to the direction of application of the force ) by assuming
v = 0.3. The stress intensity factor increases as I'; increases. That is if the stiffness
of the coating increases in the depth direction the stress intensity increases. The
opposite is true for the coating whose stiffness decreases in the depth direction. Also
for (I'3 > 1) the stress intensity factor increases as the coefficient of friction 7 increases,
however for ('3 < 1) the stress intensity factor decreases as the coefficient of friction 7
increases. Another point is the fact that for (I's > 1) stress intensity factor increase as

b/hs increases however for (I'; < 1) stress intensity factor decrease as b/hs increases.
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Table 5.5: Stress intensity factors for triangular stamp, b/hs = 0.2

P
2; Q=nP
Mso X
O\ 07b FGM
@ SS
My =ise€ B3
n=0.0 n=0.1 n=20.3 n=0.9
oa=40.5| a=+0.4909 | o = +0.4728 | a = +0.4548
B=-05|8=-0.4909 | 8 = —0.4728 | B = —0.4548
o | kO k(0) k1(0) k(0)
3
paomb® Hzomb® p3omb™ pzomb®
8 1.6247 1.6430 1.6751 1.7005
2 1.4976 1.5041 1.5128 1.5160
1 1.4286 1.4280 1.4234 1.4142
1/2 | 1.3550 1.3467 1.3279 1.3063
1/8 1.1912 1.1677 1.1224 1.0789 .

Table 5.6: Stress intensity factors for triangular stamp, b/hz = 0.5

n=0.0 n=0.1 n=20.3 n=0.5
oa=+05|a=+0.4909 | o = +0.4728 | a = +0.4548
B=-05|8=-04909 | = -0.4728 B = —0.4548
r k1(0) k1(0) k1(0) k1(0)
3
Hzomb® paomb® p3omb* pzomb®
8 2.1922 2.2358 2.3188 2.3951
2 1.6876 1.6976 1.7132 1.7228
1 1.4286 1.4280 1.4234 1.4142
1/2 1.1794 1.1736 1.1593 1.1418
1/8 0.7522 0.7470 0.7347 0.7203
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Figure 5.11: Stress distribution on the surface of an FGM coating loaded by a rigid
triangular stamp for various values of the stiffness ratio, I's = p4/ps0, b/hs = 0.2,
n =0, P* = P/(uzomhs).
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Figure 5.12: Stress distribution on the surface of an FGM coating loaded by a rigid

triangular stamp for various values of the stiffness ratio, I's = ps/ps0, b/hs = 0.5,
7= 0, P* = P/(/J,gomhg)
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Figure 5.13: Stress distribution on the surface of an FGM coating loaded by a rigid
triangular stamp for various values of the stiffness ratio, I's = pa/ 30, b/hs = 0.2,
n= 01, P* = P/(/,L3omh3).
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Figure 5.14: Stress distribution on the surface of an FGM coating loaded by a rigid
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Figure 5.15: Stress distribution on the surface of an FGM coating loaded by a rigid
triangular stamp for various values of the stiffness ratio, I's = pa/pso, b/hs = 0.2,
n = 0.3, P* = P/(usomhs).
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Figure 5.16: Stress distribution on the surface of an FGM coating loaded by a rigid
triangular stamp for various values of the stiffness ratio, I's = s/ ps0, b/hs = 0.5,

n = 0.3, P* = P/(psomhs).
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Figure 5.18: Stress distribution on the surface of an FGM coating loaded by a rigid
triangular stamp for various values of the stiffness ratio, I's = g/ 30, b/hs = 0.5,

n= 05, P = P/(u30mh3)
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Figure 5.19: Stress distribution on the surface of an FGM coating loaded by a rigid
triangular stamp for various values of the coefficient of friction, n, I's = pa/ps0 = 8,

b/hg = 02, P = P/(/,I,gomhg).
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Figure 5.20: Stress distribution on the surface of an FGM coating loaded by a rigid
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Figure 5.21: Geometry of the semi-circular stamp problem
5.3 The Semi-circular Stamp

The semi-circlar stamp shown in Figure 5.21 has a profile of the form

72
1)3(27, 0) = —v3p + ZR;
Thus,
z
—v3(z,0) = —.
ax’u:‘;(x? ) R2
The tractions on the boundary are defined as:
U3yy(a“a 0) = —p(IL'), U3xy(x7 0) = —7720(37), 0<z< b;
O34y (2,0) = 035(2,0) =0, z<0,z>b.
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In order to solve the integral equation the limits of integration have to be normalized.

Now setting

t = Ry, (5.82)

z = z"Ry, (5.83)

b = "Ry, (5.84)

p(t) = p"(t), (5.85)
1

k31(t7$) = Ekgl(i*vx*L (586)
2
1

() = k(o) (5.87)
2

the integral equation (4.3) and the equilibrium equation (4.12) become

s t* — x*

* * 1 b‘ 1 % * * * * * * * * *
Ap*(x )+_/0 [" + k3 (T )+le32(t ,Z27)| p*(t)dt” = f; (r), (5-88)

/ " reyar = £ (5.89)

Further normalizing the integration limit from (0,5*) to (—1,1) by the following

change of variables

t* = 5(3—{—1), -l<s<1 (5.90)

z*t = %(r—i»l), ~-l1<r<l1 (5.91)

P = X dls), (592

ks (t,27) = bzﬁm(s, r), (5.93)
kp(th,2) = %/1532(5, r), ' (5.94)

and using the relations (4.17)-(4.23) integral equation (5.88) and the equilibrium

equation (5.89) become

Ad(r) + = /_ {_ L Fals,r) + k(s | 6(s)ds = £ (), (5.95)

s 1 S—T
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/_ Cp(s)ds = — L (5.96)

1 b*2 )\3R2
where
A= Bzl (5.97)
N K3+ 1 T ’
4pso

A = 5.98

3 K3 + 17 ( )

fi(r) = r+1l. (5.99)

Since the index of the problem, k¢ = 0, is the same as in the triangular stamp, the
fundamental solution is also the same.

Assuming a solution of the form

¢(s) = icnP (@h) (s (5.100)
w(s) = (1=s)*(1+s), (5.101)

considering the property of Jacobi Polynomials (A.6), and letting

Kan(r) = %/_1 [7531(8,7‘) + 777532(8,1‘)} w(s) PP (s)ds, (5.102)

1

after truncating the series in (5.100) at N, (5.95) becomes

al 1
> cn [-——P,ﬁ““"”)(r) + Kgn(r)} =r+1 (5.103)

ST
0

By using a method of collocation, equation (5.103) provides NNV +1 equations for NV +1

unknown constants cg, ..., cy as follows:

N
deFn(r) = m+1,  i=lL.,N+1, (5.104)

Fy(r) = SmmP““’—‘”(z-)+/csn(n~), (5.105)

where 7; (i = 1, ..., N + 1) are defined by

Pe=L8+1) (1) = 0. (5.106)
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The relationship between P and b can be found from the equilibrium equation (5.96)

and using the orthogonality of Jacobi polynomials (A.7) as follows:

4 P
by = 5 —— 5.107
CO 0 b*2 )\3R2’ ( )
where from (A.8)
6o = 7 (5.108)
sin o

The load versus contact area relation can, therefore, be obtained from (5.107) as

P 0090 2
P = = b . 5.109
psoRa K3 +1 ( )

The unknown b* can then be found as follows:

ot [retl]

x. 110
RQ 6090 P (5 )

The solution then becomes

p*(t")

A3,
75 o(s),

2130 -1\ % (a,ﬁ)
(ks +1) ( ) Z

n=0

1) . (5.111)

In Nondimensional form the contact stresses become

oy (2%, 0) 2 (b -z ) .8) .
L= = - b* P P2z bt — 5.112
@0 L 2 (U5E) Sarerarp s, Gum
Oy (2%,0) = 10y, (27,0). (5.113)
Defining
b*
T325 (2,0) = A5 (1), (5.114)

the in-plane stress, 03, (z,0) can be found by using equation (4.74) as

_ b
0322 (2,0) = 0 (z) + 27?/0 ; _( idt - %/0 [kao (t,2) + nkay (t,z)] 0 (t) dt.  (5.115)
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Using equation (5.81), equation (5.115) becomes

b b
e 00) = p()- 2 [ j’_(ti dt+§- [ B 6.3) 4 ks (.22 )
= 2[00 -2 [ 2as 2 [ o) ki sl o).

Therefore, from (5.114) it is seen that

b(r) =)= 20 [ 26y, 2 / 5 (5,7) + ki (5,7)] 6 () ds.  (5.116)

T J_18—T 1
Thus, the nondimensional in-plane stress o3, (z,0) may be obtained from (5.114)
and (5.116) as follows

0341 (23, 0) _ 2
430 k3 +1

b i (r) .

Some results showing the effect of the stiffness ratio, I's = p4/ps0 on the stress
distribution and the load versus contact length are given in Figures 5.22-5.24 for an
FGM coating loaded by a semi-circular stamp in the case of no friction and b/hg =
0.01,0.025, 0.05 respectively. The stress o, for the stiff‘substrate and the stiffening
coating(I'; = 8) are greater than those of the soft substate and the softening coating
(T's = 1/8). The in-plane stress o, is tensile for I'; > 1, zero for I'; = 1( homogeneous
coating) and compressive for I'; < 1 for z < 0 as in the triangular stamp case. At
z = b the o, take a peak as ['; increases. Note that all the stress components are
zero outside the contact zone for the homogenous coating. By looking at the load
versus contact length curves we can deduce that for the same load P* the contact
length increases for the softening coating (I's < 1) and it decreases for the stiffening
coating ( I'; > 1). There is a parabolic relationship between the load and the contact
length for the homogeneous coating. Also as the contact length b increases or the
thickness of the coating hs; decreases or R, decreases, the magnitude of the contact

stresses increase.
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Figures 5.25-5.38 give the stress distribution and the load versus contact length
curves for an FGM coating loaded by a semi-circular stamp for various values of the
stiffness ratio, I's = p4/uze by fixing the coefficient of friction, = 0.1,0.3,0.5 and
b/Ry; = 0.01,0.025,0.05 and Ry/h; = 20. Again, the magnitude of o, increases as
I'; increases. The maximum tensile stress occurs at the trailing edge of the contact
region, z = b for the stiffening coating I'3 > 1. Note that the homogeneous coating
has also a peak at the trailing edge of the contact.

We now fix the stiffness ratio, I's; and b/h to see the effect of the coefficient of
friction on the contact stresses. The results are given in Figures 5.37-5.38. For the
stiffening coating on a stiff substrate(I's = 8) there is no significant change in oy,.
However, as 7 increases o, increases at the trailing edge and are tensile. There is no
significant change also in the load versus contact length curves due to the variation
of the coefficient of friction. In the case of the softening coating on a soft substrate
I'; = 1/8 the behaviour of the streses are the same except they are low in magnitude.
The amount of load applied to the stamp P* decreses as 7 increases for the same

contact length b/R,.

5.3.1 Stress intensity factor

The mode I stress intensity factor at the end of the stamp, z = 0, can be defined and

expressed as

e oy 2030 B S )
k1 (0) = limz p(z) = il & GIEI_I}(‘)ZO:CnPn (-1). (5.117)

The non-dimensional stress intensity factor then becomes

k1 (0) 2

k* = =
1 (0) (M30b1+°‘)/R2 Ks+1

N
> enPleA)(-1). (5.118)
0

Tables 5.7-5.9 give the normalized stress intensity factors at the sharp end of

the semi-circular punch according to the direction of application of the force @ by
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Table 5.7: Stress intensity factors for semi-circular stamp, b/ Ry = 0.01, Ry/hs = 20

. . n=0.5
a=-+0.5 o=+04909 | o = +0.4728 | a = +0.4548
6 =-05 B =-0.4909 | 8= -0.4728 | B = —0.4548
I, k1(0) k;(0) k1(0) k1(0)
(p30b™) /Ry | (p30b™*®)/Ry | (u30b™*%)/Ry | (14300***)/ Ry
8 0.8123 0.8119 0.8082 0.8007
2 0.7488 0.7404 0.7214 0.6998
1 0.7143 0.7010 0.6729 0.6432
1/2 0.6775 0.6588 0.6209 0.5829
1/8 0.5956 0.5656 0.5087 0.4558

assuming v = 0.3. The stress intensity factor increases as I's increases. That is if
the stiffness of the coating increases in the depth direction the stress intensity factor
increases. The opposite is true for the coating whose stiffness decreases in the depth

direction.
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Table 5.8: Stress intensity factors for semi-circular stamp, b/ Ry = 0.025, Ry/hs = 20

n=20.0 n =201 n=0.3 n=20.5
a=+0.5 a=+04909 | a=+0.4728 | a = +0.4548
6 =-05 B =-0.4909 | B=-0.4728 | B =—0.4548
r k1 (0) k1(0) k1(0) k1(0)
1 (uaob ™) /Ry | (uaob'™®)/Ry | (usob*e)/Ra | (usob™*®) /Ry
8 0.9336 0.9411 0.9528 0.9603
2 0.7914 0.7847 0.7688 0.7500
1 0.7143 0.7010 0.6729 0.6432
1/2 0.6342 0.6157 0.5783 0.5408
1/8 0.4725 0.4501 0.4066 0.3653

Table 5.9: Stress intensity factors for semi-circular stamp, b/Rs = 0.05, Ra/hs = 20

=00 =01 =03 T=05
a = +40.5 a=+04909 | a=+40.4728 | o = +0.4548
B8=-05 B =-0.4909 | 8= -0.4728 | = —0.4548
T, k1(0) k1(0) k1(0) k1(0)
(130b'®) /Ry | (p130b**®)/Ry | (paob™**)/Ra | (usob™*)/Ro
8 1.0961 1.1096 1.1336 1.1533
2 0.8438 0.8367 0.8201 0.8005
1 0.7143 0.7010 0.6729 0.6432
1/2 0.5897 0.5739 0.5415 0.5086
1/8 0.3761 0.3633 0.3374 0.3116
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Figure 5.22: Stress distribution on the surface of an FGM coating loaded by a rigid
semi-circular stamp for various values of the stiffness ratio, I's = p4/ps0, b/Re = 0.01,
Ry/hs =20, n = 0.0.
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Figure 5.23: Stress distribution on the surface of an FGM coating loaded by a rigid
semi-circular stamp for various values of the stiffness ratio, I's = pa/us0, b/Re =
0025, Rg/hg = 20, n= 0.0.
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Figure 5.24: Stress distribution on the surface of an FGM coating loaded by a rigid
semi-circular stamp for various values of the stiffness ratio, I's = 4/ 30, b/ Ry = 0.05,
Ry/hs =20, n=0.0.
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Figure 5.26: Stress distribution on the surface of an FGM coating loaded by a rigid
semi-circular stamp for various values of the stiffness ratio, I's = pa/p30, b/Ry =

0.025, Ry/hs = 20, n = 0.1.
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Figure 5.27: Stress distribution on the surface of an FGM coating loaded by a rigid
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Figure 5.32: Stress distribution on the surface of an FGM coating loaded by a rigid
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Figure 5.33: Stress distribution on the surface of an FGM coating loaded by a rigid

semi-circular stamp for various values of the stiffness ratio, I's = u4/ 30, b/ Rz = 0.05,
Ry/hs =20, =0.5.
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Figure 5.34: Stress distribution on the surface of an FGM coating loaded by a rigid
semi-circular stamp for various values of the stiffness ratio, I's = p4/p30, b/ Ra = 0.01,
Ry/hs =20, n=0.3.

113




0 0.005 0.01 0.015 0.02 0.025

z / R2
0.1 : 0.01 , — :
—T,=8 | 1 Z
0.0 — - o008 [ | T 273 .
. — _ 7 3=
r,=1/8 Rl
0006 | |---- T,=1/2 A
—_— s /
o O P T, =1/8 '
— 0.004 |-
H30 pao Rtz _
~0.05 |
0.002 |
_ GG T
-01 N ! ) 0 it L ) s
20.025 0 0.025 0.05 0 001 002 003 004 005
T/Ry b/ Ry

Figure 5.35: Stress distribution on the surface of an FGM coating loaded by a rigid
semi-circular stamp for various values of the stiffness ratio, I's = p4/ps0, b/R2 =
0.025, Rz/h3 = 20, n= 0.3.
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Figure 5.36: Stress distribution on the surface of an FGM coating loaded by a rigid
semi-circular stamp for various values of the stiffness ratio, I's = p4/ 30, b/ Rz = 0.05,
Ry/hs = 20, n = 0.3.
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Figure 5.37: Stress distribution on the surface of an FGM coating loaded by a rigid
semi-circular stamp for various values of the coefficient of friction, 7, I's = ps/ 30 = 8,
b/Rg = 001, Rg/h;; = 20.
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Figure 5.39: Geometry of the cylindrical stamp problem

5.4 The Cylindrical Stamp

The cylindrical stamp problem is described in Fig. 5.39. Again, for small values of

b/R, and a/R, we can approximate the surface of the cylindrical stamp by a parabola.

Therefore, the displacement in y direction and its derivative become

Letting

O3yy (t> O)

O3yy (t,0)

2

z
v3(x,0) = —v30 + 3Ry (5.119)
0 z
e = — .120
&Evg(m, 0) z (5.120)
—p(t),  0Oay(t;0) = —-mp(?), —a<t<D,
O35y(t,0) =0 t<a,t>b, (5.121)

and using the relations (4.17)-(4.23) integral equation (4.3) and the equilibrium equa-

tion (4.12) become

Ap(x)+l/_

™

1

[‘;‘__x + ka2, 2) + nkaa(t, w)] p(t)dt = f3(z), (5.122)

/ b p(t)dt = P, (5.123)




where

A = w, (5.124)
f2(z) = Agﬂ%, (5.125)
Ay = 14f‘°’23, (5.126)
Wy = :z: (5.127)

In order to solve the integral equation the limits of integration have to be normalized

from (—a,b) to (—1,1). Now setting

i = R, (5.128)

z = "Ry, (5.129)

b = bRy, (5.130)

a = a'Ry, (5.131)

p() = (&), (5.132)

Ba(ts) = =k ("), (5.133)
R

kap(t7) = —ki(t,2"), (5.134)
R

fs(z) = f3(z%), (5.135)

(5.122) and (5.123) can be written as

* E3 'B b* *t* * 1 b* * * * * * * * * * * *
ar @)+ 2 [ s L[ e, o)+ ks 2] )i = K@),

£ 3
T o= T J _g»

(5.136)

b* P
/ p(ydt = L. (5.137)
—a* R2
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Further normalizing the integration limits from (—a*,b*) to (—1, 1) by the following

change of variables

b* +a” b* —a*

= 5 s+ 5 -l<s<l1 (5.138)
b* * b* _ *
7t = ;ar+ 2“, 1<r<1 (5139
* * A
Pt = T, (5.140)
* * * 2 o
ky(t*,z*) = = +a*k31(s,r), (5.141)
k;Q (t*7 .'L'*) = b* + a* /];32(57 T)? (5142)
(%) = fi(r), (5.143)
the integral equation and the equilibrium equation become
1 [t 1 - ~ ~
Ag(r) + - P k31 (s,7) + nksa(s,r)| ¢(s)ds = f3(r), (5.144)
-1 -
/ Cp(s)ds = — T (5.145)
-1 B b* + a* /\3R2, )
where
fa(r) =" +a)r+ (" —a"). (5.146)
Since there are smooth contacts at both ends £ = —a and z = b, from the physics of
the problem we must require that both o and 3 be positive.
If n > 0 from equations (4.48) and (4.49) we have
0
a = N+;, = N=0, (5.147)
and if n < 0 from equations (4.56) and (4.57)
6
o = N——-T;, = N=1, (5.149)
0
g = M—f—;, = M =0. (5.150)
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Table 5.10: Values of o and § for the index, ko = —1

[n ] o [ 68 |
=0.3 | 0.5272 | 0.4728
0.1 | 0.5091 | 0.4909
0| 05000 | 0.5000
0.1 | 0.4909 | 0.5001
0.3 | 04728 | 0.5272

The index of the integral equation is defined by
ko=—(a+p8)=—-(N+M)=-L

o and [ then becomes

n>0: a=46/m, B=1—80/m,
n=0: a=05, B = 0.5,
n<0: a=1-6/r, B=0/~,

where

6 = arctan

al

In Table 5.10 some values of the « and 3 are given for various values of 7.

Assuming a solution of the form

#(s) = w(s) ) caP™(s),

w(s) = (1—8a(1+8)'6,
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(5.152)

(5.153)

(5.154)

(5.155)



defining

é(s) = w(s)i'c\nP,ga’B)(s), (5.156)
0
P
P = u(s:oRa’ (5.157)
C, = \/%;, (5.158)
b = ;ﬁ_ (5.159)
3 = \/“P_ (5.160)
7 = ;}T (5.161)

and Using the orthogonality of the Jacobi polynomials, the equilibrium equation

(5.145) becomes

o= 2L (5.162)
b+a
where, from (A.8)
6y = M_ (5.163)
sin T
Considering the property of Jacobi Polynomials (A.6), letting
11 ~
Konlr) = = / [Bas(s ) + maa(s, )] w(s) P9 (5)ds, (5.164)
-1
and truncating the series at N — 1, (5.144) can be written as
N-1 9 R
>z, [-—.——-—-P,S:i"m (r) + ngn(r)] = (r+1b+ (r — 1)@ (5.165)
- sin o
Since k9 = —1, the consistency condition becomes
[ Jf0 =2 [ [Ratour) + ahate,n)] o661 25 =0 (5:166)
r)—— = .
. - 31\S, T K32\S, T &) 'LU(T') )
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From equation (5.144) it may be observed that

An-1 1 [Egl(s,r) + (s, 7)] B(s)ds

= aotn - L [ 2y,

T 18—?‘

_ icn {Aw(r)Pyga’m(r) 21 / : Mds]

™ S§—7T

_ Z iy el (5.167)

sin Ta

Integrating (5.167) from —1 to 1 and using the orthogonality we find
RPN R ON ~ dr
[ 30 =2 [ [Rutern) +atorn)] st01as| 5

om0 S P PLYP(s)d
= p— C;;/ —nil,z‘(ﬁ)——fzo (5168)
0 -1 s)

Therefore the consistency condition is automatically satisfied.

In (5.165) we have N + 2 unknowns ( ¢, ¢, ...,EN_I,a,E). An additional equation
can be obtained from the consistency condition( see [46]). Since equation (5.165) is
satisfied for N + 1 values of r;, an equation corresponding to one of the r;’s can be

used to determine 5. We first express equation (5.165) in the following form

o~

F(r;)—(rj+1)b=(r; - 1)@ j=1.N+1, (5.169)

where

N-1

* 2 —Q,— .

Firj=Y ¢ Linmp,ﬁﬂ A(r)) + icgn(rj)} . j=1.N+1. (5.170)
0

The collocation points are obtained from

Pl Ny =0, j=1.N+1. (5.171)
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The system of equations may then be expressed as

B 7 ( 3 ( 3\
Fo(’f‘l) . FN__l(’I‘l) —_ (7‘1 + 1) EO (7’1 -_ 1)
Fo(TQ) . FN_l(’f'Q) - (T‘Q -+ 1) El (T‘Q — ].)

¢ = < > a.
FO(TN) . FN-—l(TN) — (T‘N -+ 1) CN—_1 (T‘N — 1)
| Fo(rwsr) - Fyvoalrvsn) —(wa+1) | | 8 ) (v = 1) |

(5.172)

Equation (5.172) can be solved by using a suitable iterative technique. In the itera-
tive procedure, we guess @ first, then calculate the N +1 unknowns ( ¢, ¢, -, EN_l,E).
With the calculated b and Co we can determine the new @ by using the equilibrium

equation (5.162), as follows:

K-+1 =~
— b. 5.173

a=

Iteration continuous until we have the same old and new @. Once @ and b are obtained,
the dimensionless load P* can be calculated for a given value of the contact length

(a* +b*) as

e L e 2
=t __ (a +f) . (5.174)
o Ro a+b

Similarly, the ends of the contact length and ¢,’s can be found from

o = avPr (5.175)
= /P (5.176)
Cn = CpVP*. (5.177)

124




From (5.132) and (5.140),the nondimensional contact stresses can then be obtained

as
034y(2", 0) — o (z*) - _ 2 w(r)chP,ga’m(T), (5.178)
30 30 1+ k3 o °
where
22 —b* 4+ a*
r == ———,
b* + a*
Defining

. A
Oz (x 70) = 33%0 (')") )
the in-plane stresses, 03z, (z*,0) can be found by using equation (4.74):

2n 7 ot 2 ¥
0322 (27, 0) :a(x*)-i——E/ -—0-(——)—dt*— ;/ (ki (t*, %) + nkyy (t%,2%)] o (%) dt*.

T Jogr 5 — T o
Using equations (5.132) and (5.140) we find

A3

5 [’“¢ (r) — 2n ' ¢_(sldt -+ 2 /_1 [7542 (s,7) + ka1 (s, 7")] & (s) ds] ,

O3zz (.’E*,O) =
mJj18—7T T 1

Therefore,

Y (r)=—=¢(r)— 2 Mdt + %/— [79\42 (s,7) + 77}541 (s,r)] ¢ (s)ds

and the nondimensional in-plane streses o3, (z*,0) becomes

O3zz (iL'*, 0) — 2
30 k3 +1

¥ (r).

Figure 5.40-5.42 give the stress distribution and the load versus contact length
curves of an FGM coating loaded by a cylindrical stamp for various values of the
stiffness ratio, I'y = 4/ 30 in the case of no friction and (b+a)/R, = 0.01,0.03, 0.05,
respectively. The contact pressure oy, is bounded at both ends of the stamp z = a,

z = b. The stress o, is symmetic and is greater for the stiffening coating I's = 7
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than for the softening coating I's = 1/7. It is observed that the in-plane stress
05- at both ends of the stamp are tensile for the stiffening FGM coating, zero for
the homogeneous coating and compressive for the softening FGM coating. The load
versus contact length relation for the homogeneous coating is parabolic. For the same
applied load the contact length increases as I'; decreases. Also the contact stresses
increase as contact length increases or the radius of the stamp decreses.

Figure 5.43-5.55 give the stress distribution and the load versus contact length
curves of an FGM coating loaded by a cylindrical stamp for various values of the
stiffness ratio, I's = pq/ 30 and coefficent of friction n = 0.1,0.3,0.5. The stress o,y
is not symmetric anymore but slanted or concentrated towards the trailing edge of
the contact region. For the same contact length, o,, on the surface of the stiffening
coating is always greater than o,, on the surface of the softening coating. Note that
the maximum tensile stress o, occur at the trailing edge of the contact area. When
we compare the magnitudes of o, at z = b we conclude that they are greater for the
stiffening coating ( e.g. I's = 7) than for the softening coating( e.g. I's = 1/7). For
the homogeneous case the o, stresses lies between the stiffening and the softening
cases. Also as we increase the load the contact length increases and in return the
contact stresses increase as well. This is also true if we decrease the radius of the
cylindrical stamp, R.

Next we investigate the behaviour of the contact stresses as we fix the stiffness
ratio I's and vary the coefficient of friction n(see Figures 5.54 and 5.55). For the
stiffening coating in Figure 5.54, as we increase the coefficient of friction 7, the in-
plane stress 0., at the trailing edge z = b increases sharply. This a big concern
from the point of view of the fretting mechanics of bolted joints used in aircraft and
other structures. The peak stress at the trailing edge would serve as a crack initiator.

And we can easily observe that the initial crack growth direction from the surface is
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perpendicular to the surface. That is because when maximum tensile o, occur at the
trailing edge the other two components of the stress are zero. There is no significant
change in oy, other than the contact zone are shifted towards to the trailing edge as
7 increases. Finally there is almost no change inthe load versus contact length curves
as we increase 7.

Although, the effect of friction on the trends of the contact stresses at the surface
of the softening coating in Figure 5.55 are almost the same as the stiffening one, but
the magnitude of these stresses are considerably lower. And in some cases for I's <1,
there is no in-plane tensile o,,.

The influence of the parameter y3 on the contact stresses is shown in Figures 5.56
and 5.57. And the effect of the thickness of the FGM coating on the contact stresses

is depicted in Figures 5.58 and 5.59.
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Figure 5.40: Stress distribution on the surface of an FGM coating loaded by a rigid
cylindrical stamp for various values of the stiffness ratio, I's = pa/ps0, (b+a)/Rg =
0.01, Ry/hs = 100, = 0.0.
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Figure 5.41: Stress distribution on the surface of an FGM coating loaded by a rigid
cylindrical stamp for various values of the stiffness ratio, I's = pa/uz0, (b + a)/Ro =
0.03, Ry/h3 = 100, n = 0.0.

129




-0.05 -
R2 U —01 B '\ .":: 7
i s x 2 y /
hy |3 -a ' b FGM K30
T @ N SS -0.15 | ~ -
— =Y.
My=Hise€ P
-0.2 : : :
~0.05 -0.025 0 0.025  0.05
i / R2
0.02 — : . 0.006 : , [ ,
0 1 - - s
0.004 | ya
-0.02 7 "'/"
Oz ] P /
-0.04 + - 7
30 f 3o Rz 0.002 - -
% 1 ./I
-0.06 - v
06 /', // )
0.08 1 \\*r/ ) 0 /{i—-—ﬂ“—‘7—~-—
720,05 -0.025 0 0.025  0.05 0 001 002 003 004 005
b+a
T / RQ
Ry

Figure 5.42: Stress distribution on the surface of an FGM coating loaded by a rigid

cylindrical stamp for various values of the stiffness ratio, I's = p4/pso, (b+ a)/Ry =
0.05, R2/h3 = 100, n = 0.0.
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Figure 5.45: Stress distribution on the surface of an FGM coating loaded by a rigid
cylindrical stamp for various values of the stiffness ratio, I's = us/us0, (b+a)/Re =
001, RQ/hg = 100, n= 0.3.

133




P -0.02 - ; ]
}TR Q=nP -0.04 .
2 5 ,.". |
o /
4 b = 006 | -
n O\ -a 1 b FoM 130 _ N4 4
® SS -0.08 | i
i Y _
Hy=Hz0€ 75
- '1 L L 2 2 L
-0.03 -0015 0 0.015  0.03
T / R2
0.05 : i : 0.006 . , ; ;
0.005 R II}=;
0.025 L=
—r,=
0.004 | | T 2y
——T,=177
o Y P 0.003 3
3o ts08t2 ¢ 002
-0.025
0.001
-0.05 .

-0.03 -~0.015 0

I/RQ

Figure 5.46: Stress distribution on the surface of an FGM coating loaded by a rigid
cylindrical stamp for various values of the stiffness ratio, I's = ps/pso, (b+a)/Ry =

134




0
P ;
-0.05 | -
-0.1 F i ; -
Oyy
K30
N, s
-0.15 | ~ .
-0.2 . 1 . L I
-0.05 -0.025 0 0.025 005
x / R2
0.05 ; , : 0.006 . . l ,
0005 | |~ =7 A
——-T,=3 /
- - rS = 1 4
0 0.004 - Cous
—— T =177
Oz P 0003 3 ,z
H30 -0.05 1 paoR2 02
Vs |
N 0.001
1 0 1

-0.1 > -
-0.05 -0.025 0 0.025 0.05

CL‘/R2

Figure 5.47: Stress distribution on the surface of an FGM coating loaded by a rigid
cylindrical stamp for various values of the stiffness ratio, I's = p4/us0, (b + a)/Re =
0.05, Rg/h3 = 100, n= 0.3.
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Figure 5.49: Stress distribution on the surface of an FGM coating loaded by a rigid
cylindrical stamp for various values of the stiffness ratio, I's = ps/ 30, (b+a)/Ro =
003, Rg/h3 = 100, n= 0.5.
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Figure 5.50: Stress distribution on the surface of an FGM coating loaded by a rigid
cylindrical stamp for various values of the stiffness ratio, I's = 14/ p30, (b +a)/Ry =
0.05, Ry/hs =100, n = 0.5.
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Figure 5.51: Stress distribution on the surface of an FGM coating loaded by a rigid
cylindrical stamp for various values of the stiffness ratio, I's = p4/ps0, (b +a)/Re =
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Figure 5.52: Stress distribution on the surface of an FGM coating loaded by a rigid
cylindrical stamp for various values of the stiffness ratio, I's = ps/ps0, (b+a)/Ry =
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Figure 5.53: Stress distribution on the surface of an FGM coating loaded by a rigid
cylindrical stamp for various values of the stiffness ratio, I's = pa/pso0, (b +a)/Rz =
0.05, Ry/hs = 100, n = 0.7.
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Figure 5.54: Stress distribution on the surface of an FGM coating loaded by a rigid
cylindrical stamp for various values of the coefficient of friction, 7, I's = pa/pso = 7,
(b+ a)/Ry = 0.01, Ry/hs = 100.
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Figure 5.55: Stress distribution on the surface of an FGM coating loaded by a rigid
cylindrical stamp for various values of the coefficient of friction, 7, I's = p4/ps0 = 1/7,
(b + G)/Rz = 001, Rg/hg = 100.
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Figure 5.56: Stress distribution on the surface of an FGM coating loaded by a rigid
cylindrical stamp for various values of the stiffness ratio, x3 = a0/ pie, I's = pao/tis0 =
7, (b + a)/RQ = 001, Rz/hg = 100, n = 0.3.
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Figure 5.57: Stress distribution on the surface of an FGM coating loaded by a rigid

cylindrical stamp for various values of the stiffness ratio, xs = pa0/p4, I's = pao [us0 =
1/7, (b + CL)/RQ = 00]., Rg/h:; = 100, n= 0.3.
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Figure 5.58: Stress distribution on the surface of an FGM coating loaded by a cylin-
drical stamp for various values of the thickness of the coating, I's = pao/tz0 = 7,
(b+a)/R, =0.02,7=0.3.
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Figure 5.59: Stress distribution on the surface of an FGM coating loaded by a cylin-
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(b+a)/Ry = 0.02, n = 0.3.
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Chapter 6

Contact Problems for two

Deformable Solids

6.1 Contacting Solids with Positive Curvatures

In the load-transfer components shown in Fig.1.2, it will be assumed that the con-
tacting solids locally have shallow curvatures(that is, the contact zone size (b + a) is
”small” compared to R; and R;). Thus, in formulating the problem one may make
the standard Hertzian assumption to the effect that the Green’s functions for the
concentrated surface tractions in a cylindrical medium may be approximated by that
of a half plane. The contacting solids consist of dissimilar homogeneous materials
coated by graded elastic layers of known thickness. Locally the solids will be rep-
resented by circular cylinders with positive/negative (Fig.1.2a) or positive/positive
(Fig.1.2b) curvatures. The problem will be considered with or without friction. The
main calculated quantities will again be the contact stresses and the load versus the
contact zone size curves.

The general equations of the surface displacement derivatives for the upper and
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lower media may be written as

b _
wyyp(x)—i—% /_ a {-—i-{—km(t,x)-i-nkgg(t,x) pB)dt = folx), (6.1)

wgnp(x)+—71; [ [Ztl;+k11(t,x)+nk12(t,x)— pt)dt = fz), (6.2)

b :
—wgp(x)—i-%/ [ 1 + nkq (t, T) + kao(t, 2) | p()dt = gs(z),  (6.3)

—a -z

h -
—wgp(:c)—{—% / [L+nk21(t,x)+k22(t,x) p(t)dt = g(z), (64)

o lt—2Z ]
where

AlE) = dopcusls,0) (65)

fle) = dopoun(a0), (66)

(z) = A3%u3($,0), (6.7)

92(z) = Az%uz(x,o), (6.8)

Ao = ;“jol (69

do = ;’ﬁ"l, (6.10)

wy = %;—1 (6.11)

vy = %‘3 (6.12)

ku(tz) = — (@11) /0 " b11(a) sinalt — z)de, (6.13)
kit z) = _(_ng;iT)" /0 " B5(a)cosalt — z)da, (6.14)
kor(t,2) = _(Ts;—i"T) /0 " 1 (0) sin alt — z)da, (6.15)
k() = —ﬁ /0 " Byp(a)cosalt — z)da, (6.16)
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kot (6,7) = —(H—;}E /0 " 41 () sin alt - 7)da, (6.17)
koot 2) = ‘(H—;‘:‘Cﬁ /0 " yp(a)cos alt — 7)da (6.18)
ka(tz) = — (ﬁz‘il) /0 " 041(a) sin alt — 7)da, (6.19)
kn(ts) = — (/«; ¥ /0 " Gp(a)eosalt — z)da (6.20)

By using equations (6.1) and (6.2), the displacement gradients for the upper and for

the lower media can be expressed as

b
_8_’02(111, 0) = gnp (.’1}) -+ L / |:t 1 - + kn (t, .’L‘) + nklz(t,x)} p(t)dt, (621)

Oz /\2 >‘27‘— —a -
9 w3 1 [ 1
9 _ ws L 6.2
2u0) = L)+ [ -+ ke o) + ke, )] a)it622
Subtracting (6.21) from (6.22) we have
0 0 . Wy w3
836713(51% 0) (%Uz(&”, 0) = [/\2 - XJ np (z)
1 171 [° p®
“lenls L
1 b
3 [ [t z) + 0k, 2)] p(t)dt
2T J_a
1 b
‘*’;\‘3"7; ka1 (t, ) + nkso(t, )] p(t)dt.  (6.23)

The displacement derivatives are related to the curvatures as follows:

0 T
55’02 (117, 0) = —R—l, (624.)
0 z
%-’Ug (.’L‘, 0) = +§2. (625)

Subtracting (6.24) from (6.25) we obtain

2vg,(av,O) — —uo(z,0) =

e P (6.26)

z
R)
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where

L1, 1 1 By_E
R R R R, R,) Ry
R = 1+x
_ B
x = g
If we define
c = w3 WQ_Rg—l_lig—l_C*
Az A dugo 4y pao’
D = i+l:h§3+1 I€2+1=E7
Az Ao 430 420 30
SR B 1y
. (k3 +1)+ (ke + 1T
D = 1 ,
% C (K,3—'1)—(K32-1)F
A = 2= ,
D (:‘i3+1)+(/€2+1)r
r = Hso

H20

(6.27)
(6.28)

(6.29)

(6.30)
(6.31)
(6.32)
(6.33)

(6.34)

(6.35)

and use (6.24)-(6.35), the integral equation (6.23) and the equilibrium equation be-

comes
/L30R*$ l/b p(t)
ot T s _= t
DR, ()=o) i
——Ll/b l1s (2, ) + nka(t, 2)] ()t
Daorl), 11\%, Nk12(L, )P
42 1/b[k (t,2) + nksa(t, 7)] p(t)dt
D)\37T Y 310, T NK32(L, )| P )
b
| stz =p,
—-a
where
Ko+1 K3+ 1| 4ug k3 +1
D), = _qg et
41199 dpszg | ke +1 (ke +1)T
Ko+1 Ks+1| 4us Ko+ 1
D) = =1+ I.
’ [ 420 4130 ] ks +1 k3 +1
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(6.36)

(6.37)

(6.38)

(6.39)




In order to solve the integral equation (6.36) the limits of integration have to be

normalized. Now setting

t = t'Ry, (6.40)
z = IR, (6.41)
b = b'R,, (6.42)
a = Q*RQ, (643)
p(t) = p(t7), (6.44)
1
kll(t,.’lf) = ‘}?k]’fl(t,l‘), (645)
2
1
kl?(ta 33) = _R*kIZ(t7x)> (646)
2
1
k31(t,$) = —R"k:’;l(t,fl?), (647)
2
1
k32(t71:) = EkEZ(taz)a (648)
2
equation (6.36) and (6.37) become
/,L30R*.’L'* 1 r p*(t*)
fankia i A* * ¥\ _ — _______dt*
D+ np (:1?) W/_a.t*—:v*
1 1 b‘ * * * * * * * * *
—mj’; i (k31 (t", &) + nki, (", %)) p*(¢7)dt
1 1 b‘ * * * * * * * % *
oy | B ke e, (6.49)
b* P
/ p*(t")dt* = =. (6.50)
g Ry

Further normalizing the integration limits from (—a*,b*) to (—1,1) by using the
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following change of variables

= 5 S + 5 —-1<s<l1
¥ = b*;a*r b*—2-a*7 -l<r<l1
p(e) = BT gs)
kn(th, %) = b _?_ a*k\ll(& T),
L(t51") = b _{2_ aﬁu(sa'f"),
b (th,2") = = _+2_ a*lk?Sl (s,7),
Kalt',2") = (s, )

the integral equation and the equilibrium equation become

a6 - L [ 26) 4

TJ_18—T

1 N ~
—EX;%:/ ) [ku(s, ) + nki2(s, r)] o(s)ds

11 /% 1~ o
+D_/\3;/ [k?,l(s,r) + ks (s, 7’)} ¢(s)ds

= (0 +a")r+(b*—a*),

! 4  D*P
ds =
/_1 As)ds b* + a* R*ugo Ry’

where

(&3-1)—(52—1)1‘
n(53+1)+(/<;2+1)1“'

A=An=
a and (3 for this problem becomes

n>0: a=46/n, B=1-6/m,
n=0: a=0.5, B =0.5,
n<0: a=1-60/r, B=20/x,
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(6.51)
(6.52)
(6.53)
(6.54)
(6.55)
(6.56)

(6.57)

(6.58)

(6.59)

(6.60)

(6.61)



where

f = arctan |—| . 6.62
arctan Al (6.62)
Therefore the index of the problem becomes
ko=—(a+pf)=— (6.63)
Assuming a solution of the form
o
8(s) = w(s)> P (s (6.64)
0
w(s) = (1—9)*1+s), (6.65)
defining
o(s) = w(s)> GPeF (6.66)
0
P
pPr = , 6.67
HsoR2 (6:67)
c
Cn = L 6.68
VP (6.68)
-~ b*
b = , 6.69
VP (6.69)
a*
a = , 6.70
VP (6:70)
:E*
T = —, 6.71
VP (&71)
and using the orthogonality of the Jacobi polynomials, the equilibrium equation (6.59)
becomes
4 D*
by = =———, 6.72
N (6:72)
where, from (A.8)
2ol —
gy = Fell=a) (6.73)
sin T




Considering the property of Jacobi Polynomials (A.6) and letting

Kin(r) = % /_ 11 [Eu(s,r)mﬁm(s,r)]w(s)P,ga,m(s)ds, (6.74)
Kon(r) = = [ 11 [Fsa(s,7) + hsa(s,7)] w(s) P (s)ds, (6.75)

after truncating the series at N — 1 (6.58) can be written as

o~

N-1
e |2 _plreiy - L L - “1)a
20: Cn [sin WOéPn_,g0 (r) a Kin(r) + D Icgn(r)] =(r+1)b+ (r—1)q,

(6.76)

The consistency condition is again automatically satisfied. The solution procedure is

identical to that of the cylindrical stamp.

The nondimensional contact stresses can then be obtained as

O34y(2*,0) o (z7) R* - (@,8)
= =—c=w(r E cn Py (1), 6.77
30 130 2D* (r) - n (r) (6.77)
where
2z* — b* + a*
== - 6.78
4 b* + a* ( )

the in-plane stresses, o3z (2*,0) can be found by using equation (4.74). as follows:

2n (¥ o(t* 2 ¥
e 00) = o)+ 2 [ T 2 2 [ g )k ()] ()

* 2 r t* * 2 o * * * * * * * *
= )= 2 [ P2 [ ) b .2 )p ()

a* t* h J)* —a*

ol (r) (6.79)

2D~

W(r) =—¢(r) — 2n _?E)_dt—i- % /_ 1 [222 (5,7) + 7k (s,r)] é(s)ds  (6.80)

The nondimensional in-plane streses os., (z*,0) then becomes

O3z (iL‘*,O) _ R* 1
L) - ) (6:5)
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Figure 6.1 - 6.3 give the stress distribution and the load versus contact length
curves for two elastic cylinders with frictional contact 7 = 0.3. The ratio of the radius
of curvatures Ry/R; is 5 and the stiffness of the surface of the upper cylinder is two
times that of the lower one and both cylinders have the same coating thickness. The
normalized contact length is varied between 0.01 to 0.05. The severe contact stresses
occur when both cylinders have stiffening coatings on the stiff substrate namely I'; =
I'; = 7, wheras in the case of softening coating on the soft substrate I'y = I'; = 1/7
the contact stresses are relatively lower. If both cylinders are homogeneous that is
', =T'3 = 1 the contact stresses lie between the previous two cases. The stress oy,
is almost symmetric since o = 0.4909 and 3 = 0.5091 for this combination(n = 0.3).
It is obvius that if the stiffness of the surface of the upper cylinder goes to infinity or
becomes rigid o and 3 approaches to 0.4728 and 0.5272 respectively. And if we take
R,/R; = 0 the results for this case reduces to the rigid cylinder cases of chapter 5.

For the same combination of material properties we investigate the behaviour of
the stresses as we increase the coefficient of friction from 0.3 to 0.7 in Figures 6.4 -
6.6. The effect of increasing friction is to increase the contact stresses. The stress
0yy is slightly slanted towards the trailing edge of the contact region. Note also that
the peak value of the in-plane o, stress at the trailing edge increases with increasing
stiffness I'y and I's.

Next we fix the stiffness ratio of the lower cylinder I'; at 7, 3, 1/3 and 1/7 and
vary the stiffness ratio of the upper cylinder I'; in Figures 6.7 - 6.10, respectively.
Note that the coefficient of friction is 0.3 and p3o/u20 = 0.5. The maximum in-plane
tensile stress o, occurs again at the trailing edge and becomes higher as I'; increases.
As the stiffness ratio of the lower cylinder decreases the contact stresses also decrease.

In Figures 6.11 - 6.17 usgo/poo is taken to be 2. With n = 0.3, o = 0.5091 and
B = 0.4909 this is the opposite of the case when puzo/pe0 = 0.5. The effect of the
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stiffness ratio on the contact stresses can be seen in Figures 6.11 - 6.13. In These
figures I'y = I'; and the coefficient of friction is taken to be 0.7. The contact stress
distribution on the surface of an FGM coating for various values of the stiffness ratio

of the upper cylinder I'y is given in Figures 6.14 - 6.17.

6.2 The Case of Negative Curvature

For the problem described in Figure 1.2 the only difference will be in the right hand

side and the curvature of the lower half plane (see (6.25)), that is

0 z
- - .82
ax’l)g(x,()) Rl, (68 )
Thus the right hand side of the integral equation becomes
0 0 T
6_.’1,'103(:1:’ O) - 3—23’1}2(3770) - Ev (683)
where
11 1 R
R R, R R
R* = 1+x,
R,
= ——. 6.84
X 2 (6.84)

Note that Ry < R;. and the range of x is (-1 < x < 0).

Figures 6.18 - 6.20 give the stress distribution and the load versus contact length
curves for two elastic cylinders with frictional contact n = 0.3 and 3o/ = 0.5. The
radius of curvature of the outer cylinder, R; is 5 times the radius of the inner cylinder
R,. The contact stresses are much lower than the configuration seen in Figures 6.1
- 6.3. The effect of increasing friction on the contact stresses can be seen in Figures

6.21 - 6.23.
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Figure 6.1: Stress distribution on the surface of an FGM coating for various values of
the stiffness ratio 'y = /20, I's = pa/ 130, p30/pi20 = 0.5, Ro/Ry = 5.0, (b+a)/Ry =
0.01, Rg/hg = 100, hg/h;; = ]., n= 0.3.
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Figure 6.2: Stress distribution on the surface of an FGM coating for various values of
the stiffness ratio 'y = uy /oo, ['s = pa/ a0, pizo/ oo = 0.5, Re/Ry = 5.0, (b+a)/Ry =
003, Rg/hg = 100, hg/h3 = 1, n= 0.3.
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Figure 6.3: Stress distribution on the surface of an FGM coating for various values of
the stiffness ratio [y = p1/pi0, T's = pia/ 30, piso/p20 = 0.5, Ro/Ry = 5.0, (b+a) /Ry =
005, Rg/hg = 100, h2/h3 - ]., n= 0.3.
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Figure 6.4: Stress distribution on the surface of an FGM coating for various values of
the stiffness ratio FQ = /.Ll//,l,Qo, P3 = [1,4/}1,30, Mgo//l,zo = 05, Rg/Rl = 50, (b+a)/R2 =
0.01, Rg/hg = 100, hg/hg = 1, n= 0.7.
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Figure 6.5: Stress distribution on the surface of an FGM coating for various values of
the stiffness ratio 'y = 1 /pa0, s = pa/pis0, p3o/p20 = 0.5, Ro/Ry = 5.0, (b+a)/Ry =
003, Rg/hg = 100, hg/hg = 1, n= 0.7.
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Figure 6.6: Stress distribution on the surface of an FGM coating for various values of
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005, Rg/hg = 100, hz/h;-; = 1, n= 0.7.

163



-0.02 - .
-0.04 .
Oyy 04
K30
-0.06 -
-0.08 I L 1
-0.01 -0.005 0 0.005  0.01
CE/ R2
004 . : . 003 T T T T
—T,=7
0.02 2
0.02 |-
Oz 0 P
H30 U80R2 0.01 F
-0.02
—004 L . 0 e, = X ! 1
-0.01  -0.005 0 0.005  0.01 0 001 002 003 004 0.05
b+a
X / R2
R,

Figure 6.7: Stress distribution on the surface of an FGM coating for various values
of the stiffness ratio I'y = uy/p20, I's = pa/tso = 7, pso/pt20 = 0.5, Ro/Ry = 5.0,
(b + a)/Rz = 001, Rg/h3 = 100, hg/h3 = 1, n= 0.3.
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Figure 6.8: Stress distribution on the surface of an FGM coating for various values
of the stiffness ratio Fg = /1,1//1,20, P3 = /.L4/,U30 = 3, IU30//1,20 = 05, RQ/Rl == 50,
(b + a)/R2 = 001, Rz/h3 = 100, h2/h3 = 1, n= 0.3.

165




-0.01 + :
Oyy
H30  _o0.02 8
-0.03 ' ' :
0.01 -0.005 0 0.005  0.01
117/ R2
0.02 : ; - 0.004 ——— : . .
—TI,=7 I
0.003
0
Oz P 0002+
K30 _g.02 p3o R
0.001 -
~0.04 L X 1 0 1 I . ! 1
-0.01 -0.005 0 0.005 0.0 0 001 002 003 0.04 005
b+a
z R2
/ 7

Figure 6.9: Stress distribution on the surface of an FGM coating for various values
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(b + CL)/RZ = 0.01, Rg/hg = 100, hz/hg =1,7n=0.3.

166




0
~0.005 - 1
-0.01 } i
Oyy
H30
-0.015 .
-0.02 L— ' —
20.01 -0005 O 0.005 0.0
117/ R2
0.002 ———— . \ .
0 —T,=7
| | ——T,=3
----T,=1/3 A
——T,=1/7 e
Oz p o001 e
- —002 ,”/'
H30 psoR2 ets
/,'/
I’d/
it
,_’/
e
~0.04 ' ' 0 . L .
-0.01  -0005 0 0.005 0.0 0 001 002 003 004 005
b+a
T R2
/ 7

Figure 6.10: Stress distribution on the surface of an FGM coating for various values
of the stiffness ratio I's = p1/pa0, I's = pa/ps0 = 1/7, pso/poo = 0.5, Ry/Ry = 5.0,
(b -+ G:)/R2 = 001, Rz/hg = 100, hg/h,g, = 1, n= 0.3.
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Figure 6.11: Stress distribution on the surface of an FGM coating for various values of
the stiffness ratio I'y = u1/ 20, ['s = pa/pso, 30/ p20 = 2.0, Re/Ry = 5.0, (b+a)/Re =
001, Rg/h3 = 100, hg/hg = 1, n= 0.7.
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Figure 6.12: Stress distribution on the surface of an FGM coating for various values of
the stiffness ratio Pg = [1,1/;1,20, F3 = /L4/,U30, /,Lgo//l,go = 2.0, Rg/Rl = 50, (b+a)/R2 =
003, Rg/h;g = 100, h2/h3 = 1, n= 0.7.
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Figure 6.13: Stress distribution on the surface of an FGM coating for various values of
the stiffness ratio T'y = 13/ 20, T's = pa/ 30, 3o/ too = 2.0, Ro/Ry = 5.0, (b+a)/Ry =
005, Rg/hg = 100, h2/h3 = 1, n= 0.7.
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Figure 6.14: Stress distribution on the surface of an FGM coating for various values
of the stiffness ratio T’y = p1/ps0, I's = pa/p30 = 7, pao/ti20 = 2.0, Ro/R; = 5.0,
(b + a)/Rz = 001, Rg/hg = 100, hg/hg = 1, n= 0.7.
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Figure 6.15: Stress distribution on the surface of an FGM coating for various values
of the stiffness ratio 'y = p1/0, ['s = pa/p30 = 3, tso/p20 = 2.0, Ry/R; = 5.0,
(b+ a)/Rg = 001, Rg/hg = 100, h2/h3 = 1, n= 0.7.
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Figure 6.16: Stress distribution on the surface of an FGM coating for various values
of the stiffness ratio FQ = [1,1//1,20, Fg = ,LL4//,L30 = 1/3, /,Lg()/,uzo = 20, Rz/Rl = 50,
(b =+ a)/R2 = 001, Rg/hg = 100, hg/hg = 1, n= 0.7.
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Figure 6.17: Stress distribution on the surface of an FGM coating for various values
of the stiffness ratio I'y = p1/po0, T's = pa/pso = 1/7, pao/po0 = 2.0, Ra/ Ry = 5.0,
(b + G)/Rz = 001, Rg/hg = 100, hg/hg =1, n= 0.7.
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Figure 6.18: Stress distribution on the surface of an FGM coating for various values of
the stiffness ratio T'y = 1/ a0, ['s = 14/ 1130, p30/ 120 = 0.5, Ry/Ry = 0.2, (b+a)/Ry =
0.01, RQ/hg = 100, h2/h3 = 1, n= 0.3.
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Figure 6.19: Stress distribution on the surface of an FGM coating for various values of
the stiffness ratio T'y = p1 /g0, T's = pa/liz0, t3o/p20 = 0.5, Ry/Ry = 0.2, (b+a)/Ry =

003, Rz/hg = 100, hg/h3 = 1, n= 0.3.
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Figure 6.20: Stress distribution on the surface of an FGM coating for various values of
the stiffness ratio Ty = /o0, ['s = pa/ 30, Mo/ t20 = 0.5, Re/Ry = 0.2, (b+a)/R; =
0.05, Ry/h3 =100, hy/h3 =1, n = 0.3.
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Figure 6.21: Stress distribution on the surface of an FGM coating for various values of

the stiffness ratio 'y = 1/ 20, I's = e/ 130, 30/ a0 = 0.5, Ro/ Ry = 0.2, (b+a)/Ry =
001, Rg/hg, = ].00, hg/hg = 1, n= 0.7.
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Figure 6.22: Stress distribution on the surface of an FGM coating for various values of
the stiffness ratio 'y = p1/p20, I's = pa/pis0, pso/p2o = 0.5, Ry/ Ry = 0.2, (b+a)/Ry =
003, Rg/hg = 100, h2/h3 = 1, n= 0.7.
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Figure 6.23: Stress distribution on the surface of an FGM coating for various values of
the stiffness ratio ['y = 1/ o0, s = pa/ a0, 3o/ p20 = 0.5, Ro/Ry = 0.2, (b+a)/Ry =
005, Rg/hg = ].OO, hz/hg = 1, n= 0.7.
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Chapter 7

Conclusions

In this study, two classes of problems are investigated, namely; the contact problems
for rigid stamps and the contact problems in elastic load transfer components. The
main calculated quantities are the contact stresses, the in-plane stress component on
the surface, the load versus the contact length relations and, where applicable, the
stress intensity factors. The contact problem of an FGM coating under an elastic/rigid
stamp is examined first by reducing the governing equations to a system of ordinary
differential equations by using the Fourier Integral transformation technique. The
resulting integral equation is solved numerically. The parameters used in this study
are the non-homogeneity parameters, vy3hs and .hs, the coefficient of friction, n and
various length parameters. Different stamp profiles are used for the application of the
load P, and the shear load,Q. The latter is related to the normal load by the Coulomb
theory for friction.

After solving the half space problem the Green’s functions necessary for the solu-
tion of the contact problem in load transfer components are obtained. A parametric
study is performed to find the influence of coefficient of friction, material property
grading and surface shear modulus of upper/lower or inner/outer cylinders on the

stress distribution.
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We may summarize the results obtained from this study as follows:

1) For the flat stamp, in the case of no friction, stiffening coating gives tensile
in-plane stress o .at both ends of the contact whereas for the softening coating oz
is compressive everywhere along the surface. In the presence of friction, o, is tensile
for £ > a, becomes unbounded for z — a and is compressive for z < a, £ = a being
the trailing edge of the contact region. The in-plane infinite tensile stress at the
trailing edge may cause crack initiation. Also as the coefficient of friction increases,
the magnitude of the in-plane and contact stresses increase.

2) For the triangular stamp, it is found that o, on the surface is tensile outside
the contact region for stiffening coating (I's > 1) and no friction. There is a linear
relationship between the load versus the contact length for the homogeneous half
plane. In the presence of friction, o, is tensile for z > b for the stiffening coating
where b is the trailing end. As the stiffness of the substrate increases with respect
to the stiffness of coating at the surface (i.e. for I'; > 1), the magnitude of oy
increases. As the coefficient of friction increases the peak stress at the trailing edge
of the contact region also increases.

3) For the semicircular stamp, the behavior of the contact stresses were similar
to the triangular stamp case. However, there is a parabolic relationship between the
load versus the contact length for the homogeneous half plane(i.e., for y3 = 0). When
the direction of the applied force @ is reversed as in Figure 5.34, singular tensile stress
0.5 generated at the trailing edge of the contact. Stress intensity factors increase
as the stiffness of the coating increases.

4) For the cylindrical stamp, it is observed that the positive o,, arises at both
ends of the contact for the stiffening coating(I's > 0) and no friction. At the trailing
edge of the contact, 0., assumes its maximum value. These stresses are important

from the fretting mechanics point of view since they can lead to fretting fatigue of
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the component if a cyclic loading is applied. The stress oy, is again slanted towards
the trailing edge. As the contact length increases the contact stresses increase in
a parabolic manner. Also an increase in the coefficient of friction gave rise to the
higher peak stresses at the trailing edge. The contact stresses are relatively low for
the softening coating(T's < 1).

5) For the two deformable elastic cylinders, the maximum of the tensile stress
04z Occurs at the trailing edge of the contact region when both of the cylinders have
a stiffening FGM coating . However, these stresses are minimized if both of the
cylinders have a softening FGM coating(T’, < 1, I's < 1). Various combinations
of the properties of cylinders are used and the contact stresses and the load versus
the contact length relations are presented. The load versus contact length relations
are approximately parabolic. For the negative radius of curvatures in load transfer
components such as bearings, the contact stresses are much lower than that for the
positive radius of curvature case such as gears. The contact stresses show the same

behavior but are smaller in magnitude.
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Appendix A

Some Useful properties of Jacobi

Polynomials

For ko = (—1,0,1) the following relation can be written(see Tricomi [47], Szegd [48])

l/ﬂwuﬁﬁwknﬁ

T J_1 t—x
= cotmow(z) P (z)
29T ()T (n + B+ 1)
 al(n+a+p8+1)
-1 < z<1, R(a) > -1, R(B) > -1,

1~
F(n-i—l,—n—a*ﬂ,l—a, 2x>a

a+f8 = —kK, R(a) #(0,1,...). (A1)

By observing that

e I'n—k—a+1) 11—z
P( a,—f) — — — A2
() F(n—n+1)I‘(1—a)F<n+1’ n+k,1-—a, 5 ), (A.2)

and substituting ko = —(a + B) into (A.2) yields

F(n-}—l,—n-{—no,l—a,l_x) _ P(n+a+ﬂ+1)F(1—a)P(_a,_B)

2 F(TL + ﬁ + 1) n—=ro (-’17) (A3)
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By substituting now (A.3) back into (A.1), we obtain

1 /1 w(t) B (t) i

m 1 t—=x

_ Cf)S "Taw(x)Péa,ﬁ) (112) — 9~k F_MP’S:;_M (:p) (A4)

sinTa T

-1 < zxkl1
Note also that
T

o) — . A5
M)l - a)= —— (A.5)

Equation (A.1) further reduces to

1 (e.8) B
Apéa,ﬂ) (’/")'LU(T) + E/ Mds — —97ko —.Pé:z")—ﬂ)(,r),
T ), (s—r) sinmwo

-1 < r<1l, R(a) > —1, R(B) > -1, R(a) # (0,1, ...,). (A.6)

The Orthogonality relation can be written as

1 0 n#jJ
/ PT(La,ﬁ) (t) Pj(a,ﬁ) (t)w(t)dt = 7 7=0,1,2,.., (A.7)
. o n=;
where
! 20HAHIT (a + 1) T (B + 1)
gleh) = / £) dt = , A8
0 _lw() T'(a+B+2) (A.8)

22T 4+ a+ 1) T (G +B+1) (A.9)

gieP) = .
J 2 +a+p+1)j0(Gj+a+p+1)

Rodrigues formula is given as

@) () plad) () — D" d" ¢ (asnpan) _
w'®P) (t) P\*P) (¢) = T 3 [w® ®], n=0,1,2,.. (A.10)
weh) (t) Péa,ﬂ) (t) — __2%_% [w(a+1,ﬁ+1)P7Ec:-{-1,B+l) (t)] ] (A.ll)
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The following recurrence relation is given in [42]

a, n a, a,B
657 - BP(@) P (y)

P @ PO - PSP ) P(@) = (@~ 1)

Aglaaﬂ) pard Gl(ca,ﬂ)
(A.12)
where
2(n+1)(a+B8+n+1)
Alef) — Al
" (a+B+2n+1)(a+f+2n+2) (A.13)

where 6, is given in (A.8)
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Appendix B

Calculation of some useful integrals

We will examine the evaluation of the following integral

1 8
—1)%(1
/ (z-1(1+2) dz, a+fB=1, —00 < T <0
1 z—r
In the complex plane, since
Za+ﬁ+1
lim = o0,

Z—r00 Z—ZO

we will start with the following contour integral

fc #(2)dz,

where

in which

is finite, and therefore

/1 (z —1)2(1 -i-z)ﬂdz — lim V(z =11 +2)?
1 z—r =0y (z=1) (1= XA2)
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dz.

(B.1)

(B.2)

(B.3)

(B.4)




Cr

Figure B.1: The contour used in evaluating the integral in B.2

and (z = z and z = 1/)\) are the singular points of the integral (B.2) within C, C
being the contour shown in Figure B.1 and it is assumed that z, is outside the cut

plane [—1,1]. According to Cauchy’s theorem on residues , we have

(B.6)

3
2=z

ﬁf (2) dz = 273 ZResf (2)

froe = ¢4 7 () dz
C r1+Cel+L1+052+L2+053+FZ+CR

I R R A T

Since

lim(z—1)f(z) = lim (z+1) f(2) =0,

z2—1 z——=1
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from the Jordan’s lemma, it can be shown that the contour integrals along C;,, C,,

vanishes, i.e,

f(z)dz= f(z)dz =0,

Cey Cey

Further, since
we find that

Also the line integrals,

f(x)dz=— [ f(2)dz.
I8t T2

If ¢ = 0 and R — oo from (B.8) (B.10) (B.11) and (B.7)

27
—1.

Llf(z)dz—l— sz(z)dz:27riZRes+ 3

For the evaluation of the line integrals of equation (B.12), we define

z+1 = pleiel,
z—1 = ,02€i62,
where
pr = s+ 17
p2 = 1- S,

0 SELl
01"—: )
0 SELZ
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(B.10)

(B.11)

(B.12)

(B.13)
(B.14)

(B.15)

(B.16)

(B.17)




€L
92={ " ’ ' . (B18)

- S€L2

Using (B.15)-(B.18) the line integrals on L, and L, becomes

1 a B _mia
_ P2p1€
[ e - /_1 s (B.19)
_ [T ppheme
5 f(z)dz = /1 =20 (= )‘S)ds. (B.20)

From (B.19) and (B.20) it can be shown that

= 2isInmwo 1(1—8)a(1+8)ﬂ s
Llf(Z)dz+ sz(z)dz-2s /_1 (s—zo)(l—As)d‘ (B.21)

Residues at z = 29 and z = 1/ can be calculated as

(20 = 1)* (1 + 2)°
(1 — Az)

Res f(2)|,—,, = (B.22)

e :
Res f ()|, :—é(l _j)_ (;Z: N (B.23)

Using (B.12), (B.21), (B.22), (B.23), It can be shown that

isinTo 'A-9)(1+9)ds = 2 (20 — 1)* (1 + )"
i /—1 Gom(-r) (1 — Az)

1— Az — (1= X*(1+A)°

}<B.24>

Taking the limit of equation (B.24) as A — 0 it may easily be shown that

1 Y- B8 -

(B.25)

In order to evaluate the following integral on line L = [—1,1] ,

(s)
i rds, (B.26)
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where
o) = (1 —1)2(1+1)° (B.27)

we consider the following sectionally holomorphic function

_ 1 [90)
R (B.28)
where
()= 5 [z ) (e + 1+ - (B.29)
"~ 2isinmo ' ’

From the Plemelj formulas we have

dt(r)—@ (r) = ¢(r), (B.30)
3t (r)+ & (r) = %1; fESst. (B.31)

In order to find ®* (r) and &~ (r) first, observe that

(=141 = a-n"E+1) e (B.32)
[(z 1% (2 + 1)"} T = Q- +1)feme (B.33)
So that ®* (r) and &~ (r) becomes
()= 5 Sil —[1-nr+1 e —rra- g, (B.34)
o (r) = 5; S; — [(1 —r)*(r+1)P e —r 4 a— ﬁ] : (B.35)

Therefore using (B.31) , (B.34), and (B.35) for a + 8 = 1 we obtained

/ (1—3)0‘(1—}—3)56Z T

§= — [(1——r)a(r—i-l)ﬁcoswa-—r-i-a—ﬂ], -l<r<l.
S—T SIn T

(B.36)

197




One may easily evaluate the integral for » > 1 and r < —1 by using equation (B.25)

as follows:

/L — Ss)a—(lr—‘_ S)ﬁds - sinﬂvra [(T —D)%(r+ 1)ﬂ —rta- ﬂ] ’ r>1, (B37)

/(1—s)a(1+s)ﬂds: ™ [_(l_r)a(_l_r)ﬂ_wa_ﬁ], r< —1.
L

s—r sin T

(B.38)

In summary, fora >0, >0and a+8=1

’

[—(-r+1)%(-r=1f-r+a-p], -—-co<r<-I,

LA -s)2(1+s)f s
/ ( Al ) == . [(1——r)a(l—i-r)ﬂcoswa—-r—i—a—ﬁ], -l<r<l,
-1 s—r sin To

\ [(r—1)a(r+1)ﬁ—r+a—ﬁ], 1< 7 < oo
(B.39)

A similar analysis can be carried out for the evaluation of for a > 0,8 < 0 and

a+p3=0
([(~r+1°(-r=1-1], —co<r<-1,
1 IPAY: B
/(1 )*A+s) 7w [(1—r)a(1+7")ﬂ005m—1], —l<r <,
. s—r sin wo
| [ -0 +1)° 1], 1<7 <o,
(B.40)

and fora< 0,<0and a+ (8= -1

([~ (~r+ 1) (~r = 1)f], —oco<r<-—1,
/_11 - Ss)a—(lr+ 24 - Sinwﬂa [(1 —7r)*(1+ r)ﬂ coS wa] , —l<r<l,
\ [(T—l)a(r'*'l)ﬂ]a 1<7r<oo.
(B.41)
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Evaluation of the following integral

1 plaB) w
L (&) = /_ PP (1) w (¢) dt

1 t—x

, —00 < < 00,
where
wt)=1-)"1+1),

will now be examined.

Multiplying (B.42) with P{*P) (z), we have

)

1 pleh) (z) plef) () w () dt
n+1 (:I") (37) . t—1

also we can write the following relation

1 Péaﬁ) P(aaﬁ) t t) dt
Péa,ﬁ) (%) Ly (z) = / (z) tn+1 () w (¢) _
-1 — X

If we subtract (B.45) from (B.44) we have

P (2) Ly (z) — PP (2) Lnys (z)

1 w t « « a
_ / (t) [P (@) PO (1) - P (2) PSP (1)) ot

 (t— 1)

Using the following relation

P9 (2) Ly (z) — PP () Ly (2)
1 n (a,8) (a,8)

Il
|
ID'
3
-14-
-9
L
=
I~
8
o
T
— -
9
R
=
~—~
L
-
]
R
=
~~
o~
p
S
Py
o~
A —
Q.
o~

by observing that
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(B.42)

(B.43)

(B.44)

(B.45)

(B.46)

(B.47)

(B.48)




we obtain

PP (2) Lo (z) = PP (@) Lnga (@) = =~ (B.49)
A, ho
or
& o hTL 0
P (2) Ly (z) — PP (2) Lot (3) = = (B.50)
Finally the recurrence relation is
_ 1 (a,8) hn 6o
Lo 6) = 2 B L)+ 7). (B.51)

where fora > 0,8 >0and a+ (=1

1M: Va=s)*(1+s)f
[z s

—(=r+1)*(~r=1)f -r+a-p, -—-co<r<-l,

Lo (r)

- sin'/roz< (1_7)0(1+7ﬂ)ﬂcos'ﬂ'a“7‘+a—,@, —1<r<1, (B52)

\(r—l)a(r—i-l)ﬁ—r—t—oz—ﬂ, 1<r<oo,

and fora>0,8<0and a+ =0,

)
(=r+1)%(=r=1)% -1, —oco <1< -1,
T
L) = Gmg | =7+ esma=i, —1<r<l (B.53)
-1+’ -1, 1< 1< o0,

and fora < 0,8<0and a+ 8= -1,

’

—(—r+1)%(-r =1, —co<r<-1,

Lo(r) = pE— § (1=r)*(1+7)cosma, -1<r<]1, (B.54)
\(r—l)a(r-{-l)ﬁ, 1<r<oo.
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Appendix C

The Contact Problem for

Homogeneous Solids

C.1 Formulation of the problem

For the plane contact problem under consideration shown in Figure C.1 the Hooke’s

law can be written as

i e g
Orz(T,y) = — [(KZ + 1)63; +(3—k) ay] , (C.1)
0 0
oz, y) = nlﬁ)l [(3—&)5%+(n+1)-8%],—oo<y<0 (C.2)
du 0
onlt) = b |5+ 5. (©3)

where k = 3 — 4v for plane strain and k = (3 — v)/(1 + v) for the generalized plane
stress conditions. The governing equations are the equilibrium equations which in

the absence of body forces can be written as

00zp  O0gy

p 3y = 0, (C4)
00gy 0oy, _
v 3y = 0. (C.5)
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Substituting stresses from equations (C.1)-(C.3) into equations of equilibrium (C.4)-

(C.5), we obtain the Navier’s equations as follows

0%u 0%u v

0%v o%v &%u
_ - 1= = 0. e
(n+1)6y2+(n 1)8:1:2 +28x8y 0 (C.7)

To solve the Navier’s equations we define the Fourier transforms of the two displace-

ment components, u(z,y) and v(z,y), as

Fla,y) = /;oo u(z,y)e " dx, (C.8)
Gla,y) = /_oo v(z,y)e " dz. (C.9)

The functions u(z,y) and v(z,y) are given by the following inverse transforms;
1 [*® ,
we) = 5 [ Flowe=da, (C.10)
2r J_o
o(z,y) = 51; / Gla, y)e*do (C.11)

Substituting (C.10)-(C.11) into (C.6)-(C.7) yields the following system of differential

equations with constant coefficients.

°F dG
—_ 12 = _ 2 o — == 12
(k —1) 7 (k + 1)a’F + 2ic 7 0, (C.12)
&G , dF
(k+1) 0 (k — DG + 2ia 7 0 (C.13)

Assuming a solution of the form
Fla,y) = A(a)e™, (C.14)
Gla,y) = B(a)e™, (C.15)
we obtain the solution of (C.12) and (C.13) as
Fla,y) = [Ae)+ Azx(0)y] eV + [A3() + Ag(a)y]e ¥, (C.16)
G(ay) = [Bi(e) + Ba(e)y] eV + [Bs(a) + By(a)yle™*¥,  (C.17)
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where m;, (j = 1,... ,4) satisfies the following characteristic equation

(m? —o?)? =0, (C.18)

yielding
my = my=lal, (C.19)
mg = My = "‘lOé'. (CQO)

Since the displacements have to be bounded as y — —o0, we require A3 = A4 = B3 =

By = 0. Therefore equations (C.16) and (C.17) become

Floyy) = [Ai(a) + As(a)yld®®, (C.21)

Gla,y) = [Bi(e) + Ba(a)yl €. (C.22)

The functions A;(c), Bj(a) (j = 1,2) are unknown functions and are not independent.

The relationship between them can be found by using equation (C.12) or (C.13):

Bila) = —il%y4, (0) + s (a0, (C.23)

By(a) = —i—A;(a). (C.24)

Fla,y) = [Al(a)-i-Ag(a)y]e]""y, (C.25)

Glaw) = [-a@+ Ly rnm@|érn 2

Now substituting (C.10) and (C.11) into (C.2) and (C.3) we have

— Ho i > _ ; oG t1e%

opw(z,y) = P—12r ) {(3 k)(ia)F + (k + 1)——ay] e*da, (C.27)
1 [®[oF . ,

owy(Z,y) = Moo {é—y— + (za)G} e “da. (C.28)
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Taking the inverse transform of (C.27) and (C.28) we find

-1 [® :
(3 —k)(ia)F(a,y) + (k + 1)%3—(@, y) = Eu / oy (t,y)e " dt, (C.29)
0 -—00
oF 1 [ .
—(a,y) + (10)G(o,y) = — ozy(t,y)e dt.  (C.30)
Oy Ho J ~oo
Defining the contact stresses
oyy(z,0) = o(z), (C.31)
0y(2,0) = 7(2), (C.32)

the Fourier transforms of the tractions on the boundary become

Po) = / o (t)eiotdt, (C.33)
Qla) = / F(H)e=tdt, (C.34)
and substituting F and G from (C.25) and (C.26) into equations (C.29) and (C.30)
we have
a
2t i— (k+1) A P(a)
o { (@) } _1 ()
2a| —(k—1) A (o) ol 0(a)
Thus, the unknowns A; (@) and Ag; (o) become
P(a) T (k+1)
- L |
A1 (a) = m ’
Qe) —(k—1)
k=1 k+1
_ +1 .36
() 1 | —2ia P(a)
2\ & = = )
A
"7 200l Q)
_ _ilal oy, L
= 2uoaP(a) + 2M0Q(a)’ (C.37)




where

A = —4ia.

(C.38)

C.2 The displacement gradients on the surface

Taking the z derivative of equations (C.10) and (C.11) we have

. Ov(z,y) 1 [ ioz
?111_% pe = llgré—i;r N i0G(a, y)e*“da,

= lim L o] A1 (@) — (= |a]y + k) A; (@)] el*¥e*da(C.39)

y=0 21 J_o
. Ou(z,y) .1 [ ion
i 5 = g [P (e
1 [* :
Vi lely iaz
= lim o /_ [41(@) + s (@) ) ePewda, (C.40)

Substituting (C.36) and (C.37) into (C.39) and (C.40) we obtain

lim27r£'u(a:,y) = / K (z,y,t) dt+/ Kio(z,y, t)7(t)dt, (C.41)

y—=0 Oz

11m27r?—u(x y) = / Ko (z,9y,t) dt+/ Koo (z,y,t)o(t)dt, (C.42)

y—=0 Oz
where

ak+1 100
Tol 4po 2w

_ Kk~ 1 lal y:l e]alye—za(t— )da,
4.“0

Kiyi(z,y,t) = lim

y—0

y] elalye—-ia(t—z‘) da,

o

lim
y—0

Kl?(xayvt)

88

K+

y—0
[

Ka(z,y,t) = il_ff(l)

la[ Y } |a|ye-ia(t-—x) de.
4#0
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Ky (z,y,t) = lim { y} ela]ye—ia(t—z)da’
ﬂO 2#0

(C.43)
(C.44)
(C.45)

(C.46)




Using the following relations

+
/ oo l le}a]ye—za(t—z) do = 2 (t _2 il?) y < 0,
o @ (t—1z)" + 92
+o0
/ elolve=iet=2)gy = ————-2-%—— y <0,
—00 (t — ZL‘) + y2
+o0 . 4(t — 2
/ iayelalye"za(t—r)da - - ( 237)2,' 3 y < 0
~o0 [(t—2)” + 7]
+oo ) 2[(t —2)* =42
/ lal yela]ye_w‘(t_z)da = - [( )2 Y ]gy’ y< 0.
oo [(t=2)" +v7]

equations (C.41) and (C.42) become

lim 27r82v(x y) = lim rtl / 2(t—=z) o(t)dt

y—0 T y—0 4/10 —oo (t — x)z + y2
-1 [* 2
+lim = / y2 T(t)dt,
v=0 dpy J_o (8 —z)° + y?
1 [ 20—
hm 27r—a—u(x y) = lim it / ( > z) T(t)dt
y>0 0z v=0 4y J oo (t— )" + 12

-1 [ 2
— lim = / S — P )
v=0 dpo  Jooo (t—1z)" +y?

Using
lim Loz - 2
y—0- (t — )% + y2 t—1’
lim Y —7o(t — z)

equations (C.51) and (C.52) become

0 k+1 o(t)
Py = -
Waxv(x, 0) 2 /_oo T zdt 2#0 (),
0 _ k+1 7(t) -1
27r—£u(x 0) = Sn /_oo . xdt+ o mo(z)

Modifying equations (C.55) and (C.56), we find

—wr(z) + = /_ Tl o~ fa)

TJ)wt—T
wa(x)—i—;l;/_oo ti_(:%dt = g(z)
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(C.47)
(C.48)

(C.49)

(C.50)

(C.51)

(C.52)

(C.53)

(C.54)

(C.55)

(C.56)

(C.57)

(C.58)



f(z) /\—é}—v(x, 0), (C.59)

ox
0
gl@) = Ag-ulz,0), (C.60)
w = 21 (C.61)
k41
A= o (C.62)
k+1

C.3 The in-plane stress o,

Once the contact stresses o (z) and 7 (z) are determined we can find the in-plane

stress, 0 (z,0). The strains in y and z direction can be written as

1
e = g low (0w + 0], (C.63)
€ = —;— (022 — V(0zz + 0yy)] - (C.64)

Under plane strain conditions(e,, = 0) the stress in z direction becomes
Oz = V(0gz + Oyy)- (C.65)

Substituting this stress back into equation (C.63) we have

1-v 1+
e@9) = 0 (w0) - o). (©:66)

For Plane strain case we have

Thus, equation (C.66) becomes

0 k+1 3—k
€y (T, 0) = ‘651’(-'3: 0) = S—#O‘Uyy(mao) - 8110

0as(z, 0). (C.67)
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Substituting -é%u(:z:, 0) and —a%v(a:, 0) from equations (C.57) and (C.58) into equation

(C.1) we obtain

2 [ 04(t,0)
Uzz(x, 0) = O'yy(fli, 0) + ;/_oo —Zy?;'-dt, (068)

o(e) + 2 / T g

T )t —2Z
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Figure C.1: Geometry of flat punch on a homogeneous medium

C.4 Flat Stamp

The problem geometry can be seen in Figure C.1. Using the following tractions on

the boundary

ow(z,0) = —p(z), 0zy(2,0) = —np(z), —a<z<a, (C.69)

oy(2,0) = ogy(z,0) =0, |z| > a, (C.70)

equation (C.57) becomes

B [*plt) ,_,0
Ap(a) + 2 /_ P8 4t = 22-o(a,0), (c.71)
where

k—1
= 72
paLl (C.72)
B = -1, (C.73)
= A (C.74)

k+1
—uv(z,0) = 0 (C.75)

oz
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The equilibrium equation for this profile can be written as

[ C )it =P

Q

(C.76)

In order to solve the integral equation the limits of integration have to be normalized.

Now setting

t = as, -1<s<1,
T = ar, -l<r<l,
pt) = p'(s).

(C.77)
(C.78)
(C.79)

and substituting (C.77)-(C.79) into (C.71) the integral equation of the problem be-

comes
B [!'p*(s)d
Ap*(r)+—/ p_(i)_s=07 -l<r<l.
Vi -1 5 - T
Defining
p* (s) = 2009 (s),
where

a—P
0—20,’

the integral equation (C.80) and the equilibrium equation (C.76) become

B [* §(s)ds
TSy §—T

/_11¢(s)ds = 1.

The index of the integral equation is defined by

Agp(r) + = 0, -l1<r<l,

ko =—(a+f)=-(N+M)=1,
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(C.81)

(C.82)

(C.83)

(C.84)

(C.85)




where o and (3 are found to be

n>0: a=~1+60/7r, f=-0/n,

n=0: a=-0.5, B =-0.5, (C.86)
n<0: a=-0/n, B=-1+6/n,
8 = arctan | —— ! ‘ (C.87)
n(k—1)] '
Now assuming a solution of the form
o(s) =Y cu(s)P™(s),  w(s)=(1-9)"1+s)",  (C89)
0
equation (C.83) may be expressed as
'S} 1 (a,8)
zcn Aw(r) PP (r) + —f—/ w(s) ns (i)é(s)ds] =0, -1<r<1. (C.89)
0 -1 -

Using the property of Jacobi Polynomials in Appendix (A) equation (A.6), (C.89)

becomes

i::cn { : P{zp? )(7')] =0, (C.90)

sin T

From the orthogonality of the Jacobi polynomials we can see that equation (C.88)

has only one unknown coefficient ¢y. Therefore from equation (C.88)
$(s) =co(1—9)*(1+5)". (C.91)

co has to be determined from the equilibrium equation (C.84). Using the orthogonality

of Jacobi Polynomials given in equation (A.7), (C.84) becomes
6090 = 1, (092)

where (for a + 8 = —1) 6, is given by equation (A.8)

B 1 B 2&+5+11‘\(a+1)1‘~(ﬂ+1)
b = /_1w(t)dt_ T'(a+B+2) ’
= " (C.93)
S1n T
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Therefore from (C.92) and (C.93) the only nonzero coefficient may be obtained as

o=~ (C.94)

™

Thus from (C.91) ¢ (s) becomes

6(s) = =207 (1 _ e (1 4 g)8. (C.95)

T

Substituting ¢ (s) from (C.95) into (C.81) we can find the pressure distribution in
normalized coordinates as

p'(s) = 2006(s),

_ _Zoosimma -9 (1+5)°. (C.96)

Or in physical coordinates from (C.69), p(z) becomes

p(z) = ﬁﬂ%ﬂ (1-2)"(1+ g)ﬁ (C.97)

The pressure distribution can be obtained in dimensionless form by using (C.97) and

(C.69)

oyy(z,0) _ 2sinma (1 B Z)a (1 N g)ﬁ. (C.98)

(oh} m

The stress component o,,(z,0) stresses can be found by using equation (C.68). Since

oyy(z,0) is zero outside the contact region (i.e, —a < z < a) (C.68) can be written as

2 [ 04y(t,0)
oyy(z,0) + ;/ ;y_—xdt —a<z<a,

(@0 =1 - (C99)
2 / 9z, 0) o, 2] > a.
T)_g tT—2
Defining
025(2,0) = —200g (1), (C.100)
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and substituting o, (¢,0) from (C.69) and using (C.79), (C.84)and (C.95), equation
(C.99) may be expressed as

1
¢(r) + 12;:1/ jﬂds, ~l<r<l,
q(r)= B (C.101)
1
2n 4(s) ds, lrl > 1,

T J_i8—T
Substituting ¢(r) into (C.101)
cow(r) + 2—ncoLo (r), -l<r<1,
m
q(r) = (C.102)
2
?nCOLO (T) ) |T| > 17

where Lg (r) is given in Appendix (B) equation (B.54)

,

—(=r +1)%(=r = 1), —00 <1 < —1,
Lo (r) = — « 8
O(T)_simra< (1-7)*(1 +7)” cosma, -l1<r<1,
@ B
[ (r=1)% (r+1)7, 1<r<oo.

C.4.1 Stress intensity factors

Mode I stress intensity factors at the ends of the stamp for a homogeneous medium

can be defined as
bi(a) = lim—28 20, (C.103)

ki(—a) = lim _ple) = g—U—(lco. (C.104)

i a
K (a) = '270]91 (a) = co,
* aﬁ

ki (—a) = 2—00k1 (—a) = co,
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Figure C.2: Stress distribution under frictional contact, 0p = — for the homogeneous
flat punchproblem

for the frictionless case « and 8 become —1/2 and ¢y becomes 1/, therefore equations
(C.103) and (C.104) become

b (0) = ks (~0) = Zopv/a= Wf;a. (C.105)
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Figure C.3: The Geometry of the triangular punch

C.5 Triangular Stamp

The problem geometry can be seen in Figure C.3. Using the following tractions on

the boundary

ow(z,0) = —p(z), ozy(2,0) = —np(z), 0<z<b, (C.106)

0yy(2,0) = 0zy(2,0) =0, z<0, z>b, (C.107)

equation (C.57) becomes

B [ p(t) 0
- N = A— .1
Ap(z) + W/O 2 gt = (a0, (C.108)
where
k—1
= .10
A 1 (C.109)
B = -1, (C.110)
A= (C.111)
k+1
0
il = . 112
axv(:z:,O) m (C.112)




The equilibrium equation for this profile can be written as
b
/ p(t)dt = P. (C.113)
0

In order to solve the integral equation the limits of integration have to be normalized.

Now setting

t = g(s+1), -l1<s<1, (C.114)
z = g(r +1), -1<r<l, (C.115)
p(t) = Amo(s). (C.116)

and substituting (C.114)-(C.116) into (C.108) the integral equation of the problem

becomes

s+ B [ 284 1 (C.117)

T _13—7'

The index of the integral equation is defined by
ko=—(a+B8)=—-(N+M)=0, (C.118)

where o and S is found to be
n>0: a=46/r, 8= -0/,
n=0: a=0.5, B=-05, (C.119)
n<0: a=1-60/n, B=-1+6/n,

§ = arctan —lj—il——l . (C.120)
n(k—1)
Now assuming a solution of the form
8(s) = Y caw($)P(s),  w(s)=(1-5)"(1+5)°, (C.121)

0
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equation (C.117) may be expressed as

icn Aw(r) PP (r) + E/1 w(s) ’(‘a’m(s)d’(s)dsl =1, -l<r<l.

m 1 S—T7T

(C.122)

Using the property of Jacobi Polynomials (A.6), (C.122) becomes

EN:%[ 1 Pé‘“"ﬂ)(r)]=1, (C.123)

sin
5 o

In this problem, after the application of a given load, one end of the contact region(i.e.
b) is unknown. However for a given value of the contact length (i.e., b), equation
(C.123) gives N + 1 equations for N + 1 unknowns ( ¢, c1, ..., CN)-

Expanding right hand side of equation (C.123) into a series of Jacobi polynomials

piep ), we can write the following equation

1
sin To

N
> ePC ) = BT (). (C.124)
0

Comparing right hand side and left hand side of equation (C.124), we can see that

we just have one nonzero coeflicient
cp = sinwa. (C.125)
Thus ¢ (s) becomes
¢ (s) = cow(s) = sinma (1 —s)* (1+s)°. (C.126)
By using (C.114)-(C.116) the equilibrium equation (C.113) may be expressed as

! 2P
/_1 é(s)ds = pEns (C.127)

Inserting ¢ (s) from equation (C.126) into (C.127) and using the orthogonality of
Jacobi Polynomials in Appendix (A.7), we have

2P
= — 12
coblo b (C 8)
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Figure C.4: Stress distribution on the surface of a homogeneous medium under a
triangular punch for various values of the friction coefficient, n

For the frictionless case &« = 1/2 and § = —1/2 and ¢q becomes 1, therefore equations
(C.103) and (C.104) become

(o)== -

= = . C.142
uom\/l_) k+1 ( )
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Figure C.5: Stress distribution on the surface of a homogeneous medium under a
triangular punch for various values of the friction coefficient, 7
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Figure C.6: The load versus the contact length for a homogeneous medium under a
triangular punch for various values of the friction coefficient, n
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Figure C.8: Geomety of the semi-cirular punch problem for the homogeneous medium
C.6 The Semi-circular punch

The problem geometry can be seen in Figure C.8. Using the following tractions on

the boundary (

oyy(2,0) = —p(z), Ogy(2,0) = —np(z), 0<z<b, (C.143)

Oy(2,0) = o04y(z,0) =0, z<0, z>b. (C.144)

equation (C.57) becomes

0

B [ p(t)
— f— — -1
Ap(z) + W/O 2 g =rofw,0),  0<z<bh (C.145)
where
k—1
= " (C.146)
_— (C.147)
4o
= .148
k+1’ (C.148)
0 z
700 = 5 (C.149)
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and the equilibrium equation becomes

A%@ﬁ:P

(C.150)

In order to solve the integral equation the limits of integration have to be normalized.

Now setting

t = t'R,
z = 2R,
b = bR,

pt) = p"(t),
(C.145) can be written as

B b* % t*
Ap*(z*) + —/ p—(—*)—dt* = A\z*,
0

it t* — x*

(C.151)
(C.152)
(C.153)

(C.154)

(C.155)

Further normalizing the integration limit from (0,b*) to (—1,1) by the following

change of variables

-2—(s—+-1), -l1<s<1
2

b
(r+1), -l1<r<1

P(E) = AT60),

one obtains

where
f(r)y=r+1.

Now assuming a solution of the form

(C.156)
(C.157)

(C.158)

(C.159)

(C.160)




where
w(s) = (1 —s)2(1 4+ s)?,

equation (C.159) may be expressed as

fj n 1 w(S)Péa’ﬁ)(S)qﬁ(s)ds}

1 S—T

Aw(r)Ped(r) + 2 /

s

= f(r), -l<r<L

(C.161)

Using the property of Jacobi Polynomials in Appendix (A) equation (A.6), (C.161)

becomes

al 1
> cn [ Pé"“"ﬁ)(r)] = f(r), (C.162)

n o
5 sin

where kg is the index of the problem which is
/60:—(0+,6):0.

In this problem, after the application of a given load, one end of the contact length(i.e.
b*) is unknown. However for a given value of the contact zone (i.e., b*), equation
(C.162) gives N + 1 equations for N + 1 unknowns. Expanding right hand side
of equation (C.162) into a series of Jacobi polynomials PP and observing that

8 = —a, we find
r+1=P* P )+ (1+a) BT (r). (C.163)

Therefore

1
sin T

N
S P A () = PP () + 1+ ) BT (). (C.164)
0

Comparing right hand side and left hand side of equation (C.164), we have only two

nonzero coefficients

¢ = (1+a)sinma, (C.165)

¢ = sin7wa. (C.166)

226



Therefore, ¢ (s) becomes

6(s) = w(s) Y cPP(s),

= w(s)sinma[l + 2a + 3. (C.167)
Using (C.158) the equilibrium equation (C.150) may be expressed as

' 4 P
[1¢(s) ds = R (C.168)

Using the orthogonality of the Jacobi Polynomials (C.168) becomes

4 P

0y = ——. C.169
CoUp b \R ( )
In this case o + 8 = 0, and 6, becomes
! 20F8HIT (a+ 1) T (B + 1)
6y = t)dt = s
0 /_1w() T(a+8+2)
- ma (C.170)
sin o

The load versus the contact length relation may be obtained by substituting ¢y and
6y into equation (C.169)

P 2ma(l —i—a)b*z

Pr=— - (C.171)
Then the pressure distribution, p*(¢*) becomes
P = S00(s),
- 2 () e (51)
= ::L_Ol b* (b* t_* t*)a sinTa {a + Z—:} . (C.172)

Using equation (C.143) and (C.154) the nondimensional pressure distribution becomes

* x ok @ * ’
0(210) 4 b* oo sinTa o+ — (C.173)
Lo K+1 z* b*
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The stress o4(,0) can be found by using equation (C.68). Since oyy(z,0) is zero

outside the contact region (i.e 0 < z < b) (C.68) can be written as

2 (% 0yt
ayy(a:,O)—f——/ zMzalt 0<z<b,
0

t_
o=@ =1 (tT)) ¢ (C.174)
Ozy
z b
2 [ 2 ¢[0,4],
Defining
02s(z,0) = A q (7). (C.175)

and substituting o, (t,0) from (C.143) and using (C.154), (C.158)and (C.167), equa-

tion (C.174) for the region 0 < z < b may be expressed as

- o(r) + ? 2 és(_) —ds, -1<r<1, -
’ & _11 %"’"_)Efﬂfds, | > 1. |
Substituting ¢(r) into (C.176) we find
——w ch as) () — U1 iann (), —l1<r<l,
0z2(2,0) _ 4 =0 [,
po o ml —b*”iann ), > 1,

(C.177)

where Lg (r) and L, (r) are obtained from appendix B equation (B.51) and (B.53)

~(=r+1)%(=r—1F -1, —oo <1< —1,
i
Lo(r) = . (1=7)*(1+7)°cosma—1, ~1<r<1, (C178)
(r—1)%(r+1)° -1, 1<r< o0,
o 2o
Li(r) = PP (r)Lo(r) + — (C.179)
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C.6.1 The Stress intensity factor

Expressing the pressure distribution in physical coordinates

p() = S09(r)

KQ:L-l (b—x> ch plas) (__1> (C.180)

the mode I stress intensity factors at the end (z = 0) of the punch for a homogeneous

medium can be defined as
kl (0) = hm Iap (IC) )

= 2p0b” baz p(aﬂ

k+1
4 *
= 2 pegsinra. (C.181)
k+1
Or in nondimensional form
k1 (0)
k1 (0) =
o) = 25
W
= np(aﬂ) -1
dasinTa
= b 182
k+1 b (C.182)
For the frictionless case ¢ = 1/2 and § = —1/2 and , the stress intensity factor
becomes
ky (0) = 20 Vb (C.183)
1 - %+ 1#0 ) .
where, from (C.171)
b= \/ _rtl (C.184)
1 + a)
P
P = —
R’
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Figure C.9: Stress distribution on the surface of a homogeneous medium under a
semi-circular punch for various values of the friction coefficient, 7
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Figure C.10: Stress distribution on the surface of a homogeneous medium under a
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C.7 Parabolic punch

The problem geometry can be seen in Figure C.13. Using the following tractions on

the boundary

Uyy($70) = —p(:L’), axy(x,()):—np(m),

Oyy(2,0) = 04y(z,0) =0, z < —a,

equation (C.57) becomes

Ap(z) + B /b —Z—)—(—t)—dt = )\—@—v(z,O),

T o t—x oz
where
_ k—1
- fe—l—ln’
B = -1,
4
N = Ho,
k+1
3 v(z,0) = —;5
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—a <z <b,

z > b,

(C.185)
(C.186)

(C.187)

(C.188)
(C.189)
(C.190)

(C.191)



The equilibrium equation for this geometry is
b
/ p(t)dt = P. (C.192)
In order to solve the integral equation the limits of integration have to be normalized.

Now setting

t = 'R, (C.193)
r = 2R, (C.194)
b = bR, (C.195)
a = a'R, (C.196)
p(t) = p" ("), (C.197)
(C.187) and (C.192) can be written as
B [ p(t")
*[ % = * * 1
Ap (x)-i—ﬂ/_a‘t*_x*dt M, (C.198)
b* P
/ p*(t*)dt*:—R—. (C.199)

Further normalizing the integration limits from (—a*,b*) to (—1,1) by using the

following change of variables

= 5 s+ 5 —1<s<1 (C.200)
gt = b*;a*r+b*;a*, “1<r<1 (C.201)
pr(t) = %aﬁ(S), (C.202)
one obtains
() + 2 /11 i(s_)‘f S 4a)re (b —a), —l<r<l.  (C.203)
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' 4 P
/_ Bls)ds = g (C.204)

Also defining

A = = d (C.205)
b—
B = Ra = —a*, (C.206)
(C.203) becomes
1
Ad(r) + -];/ i(S)is =f(r), -1<r<l (C.207)
~1 -

where
f (7‘) = Al’f' + Bl'

Now assuming a solution of the form

(o o]

3(s) = caw(s)PLP)(s),  w(s)=(1-5)*(1+5)", (C.208)

(C.207) becomes

icn {Aw(r)P,ﬁa’ﬂ)(r) + E/1 w(s)P,ga’ﬁ)(s)qﬁ(s)ds} = f(r), -l<r<1.

T J_1 §—r

(C.209)

Using the property of Jacobi Polynomials given in Appendix A equation (A.6), equa-

tion (C.209) may be expressed as

> 275 B (~a,—B)
_— ’ = . 21
> |- ara P = 1) (©:210)

where k is the index of the problem which is

ko = —(a+ ) = —1,
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In this problem, after the application of a given load, the ends of the contact length(i.e.
b* and a*) is unknown. However since the index of the problem is (ko = —1) the

following consistency condition has to be satisfied.

/_ 11 f(t)zu—% 0, (C.211)

Since f (¢) is a function of (A, B;), for a fixed contact length b* + a* = A;, we can

find B, from the consistency condition (C.211) as

/_ 1 f(t)-u% - /_ 1 A;;Eit%dt ~ 0 (C.212)

The integral can be evaluated in closed form by expanding A;t + B: into Jacobi

Polynomials Pj(_a’_ﬂ ) (#) as follows

Ast + By = 24, P (1) + By — (B — ) A|) PU7P) (1), (C.213)

) 1 (—a,—B) T (—a,—B)

L w () L w() : w )
= [Bl —(f—a) A6y (—a, — )
= [Bi—(B—a)A] smwm =0, (C.214)
which means that
By —(B-a)A =0. (C.215)
Therefore
B]_ = (,B - CY) Al. (0216)

Hence the right hand side of equation (C.210)(i.e. f(r)) is known and if we cut the

series at n = N , (C.210) becomes

i [ : P,E:f’“ﬁ’m] =1 0). (C.217)

Sin o
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We have N + 1 unknowns (i.e. ¢, ¢1,...,cy ) to determine. The easiest way to
determine these unknowns is to expand both sides of equation (C.210) into series of
Jacobi Polynomials Pj(‘a’_ﬂ ) (r), and to compare the coefficients. Thus, using the

orthogonality relations equation (C.217) becomes

2 .
st =flea=F,  j=01.N+1, (C.218)
where
1 P,(“Ot,—ﬁ) (t) 1 P(—a,-—ﬂ) (t)
=] A [ 4L\ _ 5

The first equation in (C.218) reads as

2

sin Wa@o (—a, —B) c_1 = Fo. (0220)

where
Fy = / oA (C.221)
’ -1 w(t) -
which is the consistency condition (C.211). Therefore we can formally assume that

¢c_1 =0. (C.222)

and the unknown coefficients become

sin To

= ——— _F i=1,2, .. : 22
o = ey I L2 N+l (C.223)

N + 1 unknowns (i.e. ¢, ¢, ...,cy ) can then be found by expanding the right hand

side of equation (C.217) as in equation (C.213). The only nonzero coefficient is
co = Ay sinma = (b* + a¥) sin o (C.224)
The solution of the problem becomes

é(s) = cow(s), w(s)=(1—3s)*1+s), (C.225)
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In order to find the pressure distribution, substitute (C.225) into (C.202)

p*(t*) _ 2 B o ﬁ
= Ty (1—s) (1 +s)", (C.226)
where
2t* — b* + a*
= 227
5 b* + a* (© )
Using (C.194) and (C.185) we find
oy(2’,0) = —p’(z")
41”0 . a B
_ f 2 (2 4 a")B 22
H+1sm7ra(b z*)% (" + a”) (C.228)

Therefore normalized pressure distribution becomes

0 4
O'yy,((;zﬁ ) — __Kl — sin o (b* _ x*)a (.’E* + a*)ﬂ . (0229)

In order to find the relation between b* and a* we use equation (C.216) and substitute

B and A; from (C.205) and (C.206)
b'—a"=(f—a)(b"+a").

Therefore

b= Lo (C.230)
(0%

The Load displacement relation can be found from the equilibrium equation (C.204)

Using the orthogonality of Jacobi Polynomials we have

4 P

6090 (CY, ,3) = A—er, (0232)
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where, for kg = — (@ + 3) = -1,

! 20T (a+ 1) T (B + 1)
g = t)dt =
o (2 ) /ﬂw() T'(a+8+2)
_ b (C.233)
sin To
Therefore the relation between the load and the contact length becomes
P 2raf 9
Pr=— = *+a*). C.234
TS (6" +a") (C.234)

The stress 044(z,0) can be found by using equation (C.68). Since oy, (z,0) is zero

outside the contact region ( —a < z < b) (C.68) can be written as

b
Oyy(z,0) + z/ @-(t—’(—)zdt, —a<z<b,

0@ 0) =1 (”O) e P (C.235)
2 [ ox(t:0) _
W/_a D) v ¢ [~a,b.
Defining
us(2,0) = ~3q (7). (C.236)

and substituting o, (¢, 0) from (C.185) and using (C.192), (C.194)and (C.225), equa-

tion (C.235) may be expressed as

¢(r)+—2—7l 1<b(s)ds -l1<r<1
(r) ™l | (C.237)
q(r) = :
2 90) ds, || > 1,

T J18—T

where
o(r)=cow(r), wr)=@0-r)*1+7)’.

Substituting ¢ (r) into (C.237) and using (C.236) we have

- ... _ 1
022(2,0) K+ 1 (r) co (k+1) WCOLO () l<r<i (C.238)
= A )
H R Ik rl > 1,
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Figure C.14: Stress distribution on the surface of a homogeneous medium under a

cylindrical punch for various values of the friction coefficient, 7

where L (r) is calculated in closed form in equation (B.52) as follows

,

—(=r+ 1D (=r =1 —r+a-p,
(1=r)* 1 +7)cosma—r+a-4,

r—1)*r+1° —r+a-8,
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—co<r<—1,

—-1<r<li,

1<r<oo.

(C.239)




Appendix D

Problems with two deformable

homogeneous solids

D.1 The Homogeneous problem

The mixed boundary value problem depicted in Figure D.1 give rise to the singular
integral equation of the second kind. Consider the following basic formulas for the

elastic half plane relating the surface tractions to the displacement derivatives

—Wy0244(2, 0) —%/_Z Wdt = /\g—a%—vz(x, 0), (D.1)
——wsagxy(:v,O)—f—;l; /_ Z %(tf)dt - )\35%03(23,0), (D.2)
02 (2,0) — = /_ : %dt - /\2%7,&2(:1:,0), (D.3)
wgasyy(z,on% /_ Z@f—y—_(t—;(—)ldt - Ag(%Ug(:c,O), (D.4)
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Figure D.1: The Geometry of the problem with two deformable homogeneous bodies

where
Ko — 1
= D.5
@2 Ko + 17 ( )
K3 — 1
= D.6
“s K3+ 1’ ( )
4p20
= D.7
/\2 Ko + 1’ ( )
4pso
= —. D.8
As Ky +1 ( )
Defining
U2yy(x>0) = ngy(l', 0) = 0'(117), (DQ)
szy(x’ 0) = 0-223?/('Ta O) = T(.’L‘), (DlO)
(D.1) and (D.2) becomes
wa 1 % o1) 0
=2 — = — D.11
2r@) - [k = pn@0) (D.11)
ws 1 [* o(z) 0
_= —_— = — D.12
AgT(x)+7r/\3 [wt—xdt 33:”3(2:’0)’ ( )
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For , relatively small contact regions, the vertical displacement for respectively the

upper and lower half media may be expressed as

22
Vo (.I, 0) = Ugp — 2—}%1, (D13)
72
U3 (.’13, 0) = —U3p + 51-%—2 ~ . (D14)
Therefore
0 T
- = — D.1
0 z
- = — 1
627 Vs (CL', 0) +R2 (D 6)
Subtracting (D.16) from (D.15), we have
0 0 z
%’l}g(Q?, 0) — 5:-6—112(13, 0) = 7 (D.17)
where
1 1 1 R*
o = 4= D.18
R - R R R (D-18)
R = 1+x, (D.19)
R,
= = D.20
X 2 (D.20)

Subtracting (D.12) from (D.11), and using (D.17) we have

~Cr(z) + %/w ott) gy - T8

_oot—IE RQ’
where

c = e O

Az A2 U3o

1 1 D*
D = —4 =

VRISV W
ot = (fﬂs—l)-él(m—l)l“)
D = (k3 + 1)+ (ko +1)T

_ ; ,

r = #%

H20
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Or in a more compact form

—A*7(z) + %/ ot) g Moo 2

where

(Hg—l)—(lﬁg—l)r
(K,3+1)+(/€2+1)P.

C
A* = — =
D
Applying the following tractions on the boundary

O2yy(Z,0) = 03yy(,0) = o(z) = —p(),
02zy(33; O) = UBxy(xy 0) = T(x) = —ﬁp(m),

UZyy(x, O) = O'sz(x, 0) - 0, r<—-a, > b,

(D.21) reduces to

Ap(z) +

B / > p(t) gt el T
™ _at—.’E D~ Rg,

where

B = -1
Also the equilibrium equation becomes

/_I; p(t)dt = P.
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(D.21)

(D.22)

(D.23)

(D.24)

(D.25)



D.2 Solution of the integral equation

In order to solve the integral equation (D.24) the limits of integration have to be

normalized. Now setting

t = t'Rs, (D.26)
r = z'Ry, (D.27)
b = b'R,, (D.28)
a = a*Rg, (D29)
p(t) = p (), (D.30)
(D.24) and (D.25) can be written as
* [,k B o p* (t*) * /’L30R* *
Ap* (z*) + = /a e x*dt =75 (D.31)
b
/ p*(t)dt" = —Jf—, (D.32)
—a* R2
where
(53—1)*(/52—1)1-\ )
A= — D.33
n(m3+1)+(/§2+1)F’ ( )
B = -1, (D.34)
R = 1+, (D.35)
Ry
r = Ko (D.37)
K20

Further normalizing the integration limits from (—a*,b*) to (—1,1) by using the
following change of variables

b*+a* b*_a*

= 5 S+ =5 -l<s<l1 (D.38)
b* * * — *
= ;ar-!-b 2“, ~1<r<l (D.39)
f o R
p(r) = E5-d0s), (D.40)
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one obtains

Ad(r) + -f; /1 s _ gyt (b —a), —l<r<l (D.41)

Also defining

= = b * D.42
Al R2 b* +a ; ( )
b—a
= =b"—a" D.43
Bl R2 a, ( )
(D.41) becomes
1
d
A¢(7~)+§/ P4 _ry, Ci<r< (D.44)
T ) s—T
where
f(r)=Arr+ B (D.45)

Now assuming a solution of the form

5(5) = icnw(smsaﬂ)(s), ()= (-9 (145, (D40
(D.44) becomes
f;cn Aw(r) PP (r) + g /_ 11 w(s)B ’i’[i(i)qb(s)ds} =f(r), -l<r<l.
(D.47)

Using the property of Jacobi Polynomials given in Appendix A equation (A.6), equa-

tion (D.47) may be expressed as

sin T

- 2 la—
> e [ B f”(r)} = f(r). (D.48)
0
where kg is the index of the problem which is

Ko =—(a+f) = -1,
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The same solution approach can be used as in the case of parabolic punch. Thus the

solution is
6(s) = cow(s), w(s)=(1—35*1+5)", (D.49)
where
co = Ajsinma = (b* + a*) sinmo. (D.50)

In order to find the pressure distribution, substitute (D.49) into (D.40), giving

o usoR* (22 = b" 4+ a*
plo) = e (). (D51)

Now by using (D.30) and (D.23) we find

% w/ % ;1,30R* 2z* — b* + a*
ow(@0) = P = -T5 C"w( b + a* )
_,u30R*c w 2z — b +a*

2D+ b* + a* '

Since

256*—b*+a* _ 2 * *\ O * *\ B
w( Ty )_b*+a*(b —z")% (2" +a")”,

pso R
D*

Oyy(2*,0) = — sinwa (b* — z%)* (z* + a*)?, (D.52)

the normalized pressure distribution becomes

0 *
9w(®,0) K sinwa (b* — )% (¢* + a*)® . (D.53)
130 D~

Also, the relation between b* and a* is found to be
b = -'qa*. (D.54)

The Load displacement relation can be found from the equilibrium equation (D.32)
and (D.49) (D.40)
! 4D* P
s)ds = . D.55
/—1 ?(s) R* (b* + a*) pao Ry ( )
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Using the orthogonality of Jacobi Polynomials we have

4D* P
g, =
where
2raf
o (e B) = sinma’

Therefore the relation between the load and the contact length becomes

P R

P = = 2ra b*+a*2.‘
pzolRy  4D* B )
Defining
pso R
02el2,0) = =25 q (1),

one may easily calculate ¢ (r) as follows
w (7’) Co + %—:ZC()LO (T) , —l<r<li,
q(r) =
ReoLo (r), Irf > 1,

where Lg (r) is calculated in closed form in Appendix B equation (B.52)

D.2.1 The bearing problems

(D.56)

(D.57)

(D.58)

(D.59)

For the problems involving negative curvatures the only difference would be in the

right hand side of the integral equation and the curvature of the lower half plane.

Thus,

(D.60)



_0.08 1 L 1 . | 1
-0.1 -0.05 0 0.05 0.1 -0.1 -0.05 0 0.05 0.1

.’E/Rg .’E/RQ

Figure D.2: Stress distribution on the surface of the elastic cylinders for various values
of the stiffness ratios, I' = p3o/p20, X = R2/R; = 0.2, 1 =0.5, (b+a)/R, =0.1

where

1 1 1 R*
= = D.61
R R, R R ( )
R = 1+, (D.62)

R,

- =, D.63
X E, (D.63)

Note that Ry < R;. and the range of x is (—1 < x < 0)
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Figure D.3: Stress distribution on the surface of the elastic cylinders for various values
of the curvature ratios, x = Ra/Ry, I' = uso/pe0 = 0.2, n = 0.5, (b+a)/Ry = 0.1
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Oyy 004 T
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-0.0 ' e
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Figure D.4: Stress distribution on the surface of the elastic cylinders for various
values of the coefficient of friction, , x = Ry/R; = 0.2, T’ = pgo/pe0 = 0.2, n = 0.5,
(b-l-a)/Rg =0.1
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Figure D.5: Stress distribution on the surface of the elastic cylinders for various values
of the stiffness ratios, I' = o/ po0, X = R2/R1 = 0.2, =0.5, (b+a)/R; =0.1.
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Figure D.6: Stress distribution on the surface of the elastic cylinders for various values
of the curvature ratios, x = Ra/Ry, T' = pso/pe0 = 0.2, = 0.5, (b+a)/Rz = 0.1
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Figure D.7: Stress distribution on the surface of the elastic cylinders for various
values of the coefficient of friction, 1, x = Ra/R; = 0.2, I' = pgo/pu20 = 0.2, n = 0.5,
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Appendix E

Asymptotic Analysis of Kernels

E.1 Introduction

In the derivation of the integral equations , an important step is to find the asymptotic
values of the the infinite integrals in (2.165)-(2.168) and (3.159)-(3.162). There are
two reasons why we asymptotically expand the infinite integrals as oo — oo. First
the singular behavior of the integral equation and that of its solution comes from the
leading order term in the large o expansion of the kernel in integrands (2.165)-(2.168)
and (3.159)-(3.162). The second reason is that the subsequent terms in the expansion
facilitate computational efficiency when we numerically solve the singular integral

equations (4.3) and (4.4).
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E.2 The Upper half plane

Before starting to analyse the behaviour of the integrands in equations (2.110)-(2.113)

assymptotically as a — 0o, the variables used in the integrands can be written as

1o(ke — 1 o
hu(a,y) = _% (71 +71ir4)
3
(Yo .
hio(a,y) = . (T2 +71r2)
3
Qo o
hoi(o,y) = W (3272 + Taa),
3
716 Ko — 1 o
hoa(a,y) = __(_A_—) (y2Tg — Tars) ,
3
where
yi(a,y) = €+ rle—hz(nl—nz)+n1y + Tge—hz(n_rnz)-}-'ﬁy,
Y2, y) = aae™Y + ayrie MY _ Gy he(Fna) Y
Ty = zg+ zprie M) 4 s e mhe(RIn2)
ra = 2+ ayrie M) g (im),

211

212

291

292

= (3 —k)(ia)a; + (ko + 1)ny,

T3

(3 _ K)Q)

(ta)ag + (kg + 1)ng,

ain +ia,

agng + o,

Ag = —(roTg + Tara),

Ay

A,

(sof1 + B1t2)
(Sgtl - Sltz),
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(E.1)
(E.2)
(E.3)

(E.4)

(E.14)

(E.15)



Sy
S2
t
to
A2

ne

X2

ny
Uz
n3

Ty

5

Ay = —(s1t1 +51t1),

i/\zaal + A2 (I‘Lz + 1) nik; + (K% — 1) |Oé‘,

’Z:AQO(G;Q + AQ (I‘LQ + 1) NokK1 + (K]% - 1) |O[l,

a1 [xzkim1 + | (k + D] +ia [kixz — (k1 — 1)),

az [Xakane + |0 (k1 + 1)] + ia [kixe — (k1 — 1)],

K%+51(A2(3—I{2)“2)+1,

K)l—l

X2[€2_ 17
)
pr’

lQ’iOJz — |a|(1~z2 + 1)52’)/2

(I,j(Ol) = 5 ] - 1,2

a  2nj+ (3 - Kg)
}_2’&)[2 + ‘OZI(KIQ + 1)52’}'2
a 2nj -+ ’)’2(3 — I-CQ)

1 .

= 5 (_72 + /7 + 4(a? +ilalv,]6,)
1 .

T2 ("rz - \/73 +4(a? +1lal|72/02)
1 .

T2 (‘72 + \/73' +4(? — ifal|7/6)
1 .

= 3 <_72 - \/73 +4(0? —1laf[72[5)

_ 3 - Ko

o Ko + 1.

,  J=34

N N S

(E.16)

(E.17

)
E.18)

(

(E.19)
(E.20)
(E.21)
(E.22)

(E.23)

(E.24)

(E.25)

(E.26)
(E.27)
(E.28)
(E.29)

(E.30)

A straightforward asymptotic analysis of the integrands of the infinite integrals

would start with the asymptotic expansion of the roots (2.44)-(2.47). We start by

analyzing the roots of the characteristic equation asymptotically. Defining new vari-

ables

72| 7]

B |C¥|’ ’727
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the first two roots of the characteristic equation (2.40) becomes

1 . |a]
o= g (ot PEra@E ) = M, e

1 _ o
o= 3 (- el = S @3

3 — Ko
by = E.34
2 Ko + 1’ ( )
where

Ny = —sr+ /12444 4ibyr, (E-35)

Ny = —sr— /12 44+ 4ibyr. (E.36)

Asa—ocoorr—0
n = lof, (E.37)
ny — —|af. (E.38)

In the expression for y;(a, y) and y»(e,y) given in (E.5) and (E.6), the exponential

terms becomes

6—h2(n1—n2)+n1y — e—|a|(2h2_y) - 0’ (E40)
e~he@m—n2)+my _y  o-lal(Zhe—y) _y o (E.41)

since the range of y is 0 < y < hy in the FGM coating. Therefore, as a — oo,
U (O[, y) - e—laly, (E42)
yao(o,y) — age” oW, (E.43)

Similarly in the expression for v and r4 given in (E.7) and (E.8) the exponential tems

tends to
g-h2m-nz) _, =2alha _y (E.44)
e~h2@i—n2) _y  =2lalha _y (E.45)
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Therefore

re = 212, (E.46)
Ty —v Z22. (E.47)
Also as a — 00, A3 tends to
Az = —(roTy + Tors) — Ag, (E.48)
where
Asy = —(212Z20 + Z12222)- (E.49)

Therefore using equations (E.42), (E.43), (E.46), (E.47) and (E.48), equations (2.114)-
(2.117) becomes

13
hii(o,y) — z'rz-le"'o"y}:flﬂr", (E.50)
n=>0
13
hio(a,y) — e ¥y Burn, (E.51)
n=0
N 13
hoi(o,y) — il—a—!e_“"]vzcnr", (E.52)
n=0
13
hao(a,y) — e"lalyZDnr", (E.53)
n=0
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where

Ay = “ZZ
4, = 3(:28-1— )
Ay = ~3
A = 3
1 _
1 (ko=
As = E(mz—f—i’)s
A = 1 5k9%2 —36ky+ 57

_1_2_5 (KJQ -+ 1)2
1 (=T (-3
A = o (2 £ 17° (E.54)

1 5ro —84ky%+ 375Ky — 493

Ag =

512 (k2 + 1)°
1 (k2 —3)(ko? — 18Ky +61)s
Ag = '2_5'6 3
(k2 +1)
Ay = — 1 5ko* — 152 k9> + 1318 Ko? — 4324 Ky + 4783
2048 (k2 + 1)4
.Au _ 1 (K}g - 7) (1‘62 has 3) (522 — 26 Ko + 85) S
1024 (52 -+ ]_)4
Ay = — 5  ko® — 48 kot + 682 k9% — 4026 Ky + 10479 Ky — 9958
8192 (ke + 1)5
A = 1 (k2 — 3) (Ko* — 52 k9> + T34 ko? — 3748 kg + 6217) s
4096 (ko +1)°
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1 Ry — 3
—E Ko + 1
1 (KJQ — 4) S
64 Ko+ 1
1 (=9 (k=7
64 (KQ + 1)2
1 (ko? —12kK9+29)s
256 (k2 +1)?
1 (kg — 3) (kg% — 18 kg + 61)

256 (k2 +1)°

1 (ko — 24 K92 + 14T Ky — 257) s
1024 (ko +1)°
1 (ke =3) (ke —T) (ky? — 26 Kk + 85)

1024 (ko +1)*

1 5 (kg® — 40 ko + 446 kp? — 1844 ki + 2531)
4096 (k2 + 1)°

1 (ky — 3) (ko' — 52 ko® + 734 ky? — 3748 Ky + 6217)

4096 (kg +1)°

1 s(ko® — 60 Kka* + 1050 ko> — 7530 K2 + 23535 ko — 26610)
16384 (k2 1)°
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1 /{2-—4
32 Ko+ 1
0

1 /‘Egz - 1252‘!‘29
128 (52 + 1)2

0
1 Ko® — 24 ko? + 147 Ky — 257
512 (g + 1)°
0
1 ko* — 40 ko3 + 446 ko2 — 1844 ki + 2531
2048 (ko + 1)
0
1 ka® — 60 kot -+ 1050 ko3 — 7530 rep? + 23535 k2 — 26610
8192 (kg +1)°
0
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fig—l
4
8(!{2-}—1)

1
4
1

1 ko —3
16 Ko+ 1
1 (ke —4)s
64 Ko+1
1 (kg =3) (k2 =T
64  (ky+1)°
1 (k®—12K3+29)s
256 (kg +1)°
1 (K — 3) (ka? — 18 ko + 61)
256 (k2 +1)°
1 (ko® — 24 ko + 147 kg — 257) s
1024 (ke +1)°
1 (kg — 3) (ko = 7) (k2% — 26 K + 85)
1024 (72 + 1)
1 (ko' — 40 ky® + 446 ko2 — 1844 iy + 2531)
4096 (/92 + 1)4
1 (kg — 3) (ko — 52 k% + T34 ky® — 3748 ko + 6217)
4096 (ke +1)°
1 s (kg® — 60 Kky* + 1050 Ko® — 7530 Ko? + 23535 ko — 26610)
16384 (ks + 1)°

(E.57)

Finally the assymptotic expansions of the integrands in (2.165)-(2.168) becomes

hu(a,y) — —z‘%@:le*laiy, (E.58)
has(oyy) — —’“QT"le—!aly, (E.59)
ho(o,y) — *iﬁ’“"’zle—la'y, (E.60)
hoo(a,y) — ’j_2_4__1€—|a[y. (E.61)
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E.3 The lower half plane

The variables used in the integrands of the infinite integrals in equations (3.108)-
(3.111) can be written as

’ia(l‘ég — 1)

haeny) = ~2—= (s 4 Tars). (£.62)
Qo _
hs(o,y) = A. (—ysTe + ¥a37s) (B.63)
5
o,
ha(o,y) = AL (y4Ts + TaTs) , (E.64)
5
1o (ks — 1 o
ha(ery) = —0 D g, (£.65)
5
where
ysla,y) = €Y 4 rgehe(nsmneliney g p—h(ns—T6)+TeY (E.66)
Ya (a, y) = ase™V + a6T5e_h3("5_"6)+"6y - —a-é-me—hs(ns—ﬁEHﬁ'éy’ (E.67)
A5 = —(Tsﬁ—f-?g’f‘g), (E68)
re = 255+ zserse (M) 4 Zagrre 3 (s E) (E.69)
re = zg5 + ZesTse 2T  Foor,eha(ns =), (E.70)
Zss = (3 - f-cg)(ioz)as + (K3 + 1)715, (E71)
Z5g — (3 - Kis)('l;a)as + (Kg =+ l)ne, (E72)
Zgs = asNns+ z'a, (E73)
Zg6 = QgNg T ia, (E74)
1 —
Ts = —A-— (S5t6 +.—5'—(;t5) y (E75)
4
1
T = K— (Ssta — 86t5>, (E76)
4
A4 = - (85%+ TS—gts) 3 (E77)
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ss = idzaas+ Az (k3 + 1) nsks — (k7 — 1) o],

s¢ = iAzaag+ Az (ks + 1) ngrg — (1{?1 - 1) laf,

t5 = Qs [X3I€47Z5 — |C¥](KZ4 + 1)] + o [K)4X3 - (1{4 - 1)] 5

te = ag[Xskane — |a|(ks + 1)] + i [kaxs — (ke — 1)],

)\3 - KE+K4(A3(3—.‘63)—2)+1,

Kg — 1
A3 = X3 ! ’
K3 — 1
Lao
X3 = T
221
1 2ia? — 1)o
slo) = el Dam g
o 2nj =+ 73(3 - ’{'3)
1 2i0? + |a|(ks + 1)d37s :
| 1 =78
a; (Of) a an + 73(3 — /~Z3) J
1 .
ns = (—-’Ys + \/73 + 4(e? + z|a||’y3[53)) g
1 .
m = 3 (- yPE A dalhals))
1 .
m = 3 (~r e el
1 .
n = 3 (- - yhE e = dalhuls))

(E.85)

(E.86)

(E.87)
(E.88)
(E.89)

(E.90)

We start by analyzing the roots of the characteristic equation (3.37) asymptoti-

cally. Defining new variables

_ 73]
=T
||

I’Ysl

3

Y3

the first two roots of the characteristic equation (3.37) becomes

o]

(—’Ys + \/’)’§ +4(a? + i|a[l73|53)> = “2—N5,

ne = 1
® T 2
1
ng = 5
3—/‘.‘,3
02 =
s KJ3+1,

o]

. (0%
(—73 — R+ z|a|]73|63)> = UG,
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(E.91)

(E.92)
(E.93)

(E.94)




where

Ny = —sr+ m,
Ny = —sr— Vr? + 4+ 4ibr
Asa—ococorr—0
ns — lof,
ng — —|af.
In the expression for y3(c,y) and y4(e,y) the exponential terms becomes

PN elaly7
e—hs(ns—ns)-i-ney N e—|a|(2h3+y)__)07

e—ha(ns—Te)+Mey  _y  o—lel(2haty) _y 0,
since the range of yis —hs < y < 0. Therefore

ys(a,y) — €,
ya(ony) — azell.
Similarly in the expression for r¢ and rg the exponential tems tends to

e—hs(ns—ns) - e—2|a]h3__)0’

e_h3(n5“ﬁ6) - e—zla’ha — O,

Thus
Te — 255,
g —r Zg5,
and
Ag — Ao,
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(E.95)

(E.96)

(E.97)

(E.98)

(E.99)
(E.100)

(E.101)

(E.102)
(E.103)

(E.104)

(E.105)

(E.106)

(E.107)

(E.108)




where
Ao = — (255Z65 + Z55%65) -

Therefore equations (3.118)-(3.121) becomes

io(ks — 1)elol

hs(e,y) — — A (Zes + 263) ,
0
velely
ioe _
hao(a,y) — A (—Zs5 + 255)
0
s velely
e _
h,41 (a, y) — - (a5755 =+ a5z55) N
io(ky — Delely
hao(a,y) — —L‘-—)—(aszes“aszes)-

Ao

Expanding equations (E.110)-(E.113) asymptotically as oo = co we obtain

13
hai(e,y) — iﬁela]yzgnrn,
’al n=0
13
hsa(a,y) — e]alyZFnr”,
n=0

13
s
ha(a,y) — ZEeIaIngnrn7
n=0

13
ha(a,y) — €Wy Horm,
=0

268

(E.109)

(E.110)
(E.111)
(E.112)

(E.113)

(E.114)

(E.115)

(E.116)

(E.117)




where

&o
&
&
&

&4

&

&

Es

&g

1 5k%—36k3+57
128 (kg+1)°
1 (k3 —3)(ks—T)s
64 (ks +1)°
1 5k —84k3+ 375 K3 — 493

512 (;{,3 -+ 1)3

1 (k3 —3)(k2—18kK3+61)s
256 (k3 +1)°

1 5ki— 1523 + 1318 k2 — 4324 k5 + 4783
2048 (k3 +1)*

1 (k3—3)(k3—1T7) (K% —26kK3+85)s
1024 (s + 1)°

5 K5 — 48 k4 + 682 k3 — 4026 k2 + 10479 k5 — 9958
8192 (K'S -+ ]_)5

1 (k3 —3) (k5 — 52 k3 + T34 K3 — 3748 k3 + 6217) s
4096 (ks +1)°
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(E.118)




Fo

Fa
F3

Fi

Fs

Fq

Fio

-7:11

f12

_Fi3—1

(E.119)

4
(ks +1)s
e
1
4
s
16
1 k3—3
16 K3+ 1
1 s(ks —4)
64 k3 +1
1 (k3 —3) (k3 —7)
64  (ks+1)°
1 s(k3—12k;3+29)
256 (ks +1)°
1 (k3 —3) (k2 — 18 K3 + 61)
256 (ks +1)°
1 s(k5—24k2+ 147 k3 — 257)
1024 (ks +1)°
1 (ks =3)(ks—T) (k2 — 26 K3 + 85)
1024 (ks +1)*
1 s(k3—40K5 + 446 k2 — 1844 k3 + 2531)
4096 (k3 +1)*
1 (k3 —3) (k3 — 52 k3 + 734 k2 — 3748 k3 + 6217)
4096 (ks + 1)°
1 s (k3 — 60 K2 + 1050 k% — 7530 k2 + 23535 K3 — 26610)
16384 (ks +1)°
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Go
G1
G
Gs
Ga
Gs
e
G
s
Go
Go
G11
G2
G

f£3+1

(k3 +1)s

S oo~

1 ks—4

32k3+1

0

1 K3—12k3+29
128 (g +1)°

0
1 Kk} — 24K+ 14T k3 — 257
512 (s +1)°
0
1 K3 — 40 k3 + 446 2 — 1844 k3 + 2531
2048 (ks +1)*
0
1 K3 —60r3+ 1050 k3 — 7530 k3 + 23535 k3 — 26610
: 5
8192 (k3 +1)
0
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7‘[0 = 4
M, = (k3 +1)s
8
1
7‘[2 = Z
s
Hy = 6
1 K3 — 3
%4 B Ig K3 + 1
1 s(k3—4)
Hy = ————
> 64 K3+ 1
2y = 1 (k3 —3) (k3 —17)
6 = @4 2
64 (/f3 -+ 1)
1 s(k2—12k3 +29)
o= L E.121
7 256 (K,3 + 1)2 ( )
1 (k3 —3) (k% — 18 k3 + 61)
Hs = — 3
256 (KZ3 -+ 1)
Yo = 1 s(k}—24K%+ 147 k3 — 257)
° T 1024 (k3 + 1)°
1 (I‘Cg - 3) (/‘;3 - 7) (K)g — 26 K3 + 85)
7-‘/‘10 = 4
1024 (13 + 1)
1 s(k3 —40k3 + 446 k% — 1844 K3 + 2531)
Hiu = 1
4096 (ks + 1)
1 (ks — 3) (k& — 52 K3 + T34 K2 — 3748 3 + 6217)
%12 = 5
4096 (ks + 1)
b 1 s(k§— 60 +1050 3 — 7530 3 + 23535 s — 26610)
BT 16384 (ks + 1)°

Finally as o = oo or r — 0 the behaviour of the integrands become

Mwa-ﬁileﬁﬁm, (B.122)
hao(a,y) — -“lem (E.123)
hai(a,) %'E%iﬁfw, (E.124)
ho(o,y) — Lol (E.125)
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Appendix F

Numerical Evaluation of Fredholm

Kernels

F.1 The Infinite Integral

In solving equations such as (4.24), the accuracy is very highly dependent on the
correct evaluation of the Fredholm kernels &};(s,7)(i = 1,...,4, j =1,2). The
Fredholm kernels contain integrals with infinite upper limit. Evaluation of the infinite
integrals to a high degree of accuracy is essential.

We shall treat the integrands with sine and cosine terms separately. Integration

of k};(s,7) is done by separating the integration limits, i.e.

S T——
Ba(s,r) = Hl[/ 7 } ¢) cos¢(s — r)dc.

First integrals in k;;(s,r) are bounded and are evaluated numerically. However, the

kil(S, T‘)

second integrals are evaluated using the 13 term approximation in the asymptotic

expansion.
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For the 0 to A* part, integration is done by using a Gaussian quadrature. We

13, .
1=|" is small to any degree we want. For a particular nonho-

can choose A*
mogeneity constant, y3hs, there is a point where any further increase in A* will only
serve to tax the numerical effort. If A* becomes larger in 0 to A* integral, there will
be more computing effort to calculate this integral.

The second integrals consist of

[en@sin¢e -0 [ @0cscls—nic (F.1)
For the A* to infinity part, the integrands @} (¢) and ®%(() are asymptotically ex-

panded as shown in Appendix E for { — oo as follows:

8,(0) = sin (s — 1), (F.2)
85(0) = Zc %i"sinc(s—r), (F.3)
85(0) = Zf L singls—) (F.4)
(0 = ég %*nsinc(s—r» (F.5)
33,(0) = ZB L cosls =), (F.6)
3,(0) = zv L cosc(s =) (F.7)
3(0) = zf L coscls =), (.38)
Tp(0) = Z% ’-’4— cos ¢(s— 7). (F.9)

where A,,, By, Cn, Dy, Eny Fn, Gn, and H, are given in equations (E.54)-(E.57) and
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(E.118)-(E.121).Thus we need to calculate the integrals of the form

®sin(|s —r|
= 2 dC, F.10
5. = [ =T (F.10)
= [ _<C|:_id< (F.11)

First note that

i) = [ ([ [7) 7L [ 500 1

lel 4 _
Ci(z) = /COS 70+logl$|—-/ ! tCOStdt, (F.13)
0 0

Yo = 0.57721566490.

Therefore
* sin(t) T |z] .
>\ - 2 F.14
/ cos(t)dt _ </ _/ ) cos(t)
PR 0 0 i
lzl 1 _
= —p — log|z| + / = COStdt. (F.15)
0
S1 and C; may be obtained as
5 = lszrl [Fenlls—rl,. ' ma [T sials—r)], (F16)
! S—1 S ¢ —r L2 ’ '
O = / dez _Ci(A*|s — 7)) (F.17)

The necessary recursive formulas may therefore be obtained by integrating by parts.

S, = (sinA|s—7”]+|s—7‘| *cos(ls—r |d§> -r

Atk —1) k=1 J4 k-1 s — 7]
_ 1 sinAls —r] s —7
k-1 ( a1 T |s — 7] Ck—l) =7 k>1 (F.18)
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cosAls—r| |s—r| [®sin(|s—7]

= d
Ck Ak_l(k _ 1) E—1 A Ck_l C
1 [cosAls—r|
T k-1 [ Ak—1 ~(s—r) Slc—l] ; E>1 (F.19)
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